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Abstract

One of the central challenge for extracting governing principles of dynamical system via Dynamic
Mode Decomposition (DMD) is about the limit data availability or formally called as limited data
acquisition in the present paper. In the interest of discovering the governing principles for a dy-
namical system with limited data acquisition, we provide a variant of Kernelized Extended DMD
(KeDMD) based on the Koopman operator which employ the notion of Gaussian random matrix
to recover the dominant Koopman modes for the standard fluid flow across cylinder experiment.
It turns out that the traditional kernel function, Gaussian Radial Basis Function Kernel, unfortu-
nately, is not able to generate the desired Koopman modes in the scenario of executing KeDMD
with limited data acquisition. However, the Laplacian Kernel Function successfully generates
the desired Koopman modes when limited data is provided in terms of data-set snapshot for the
aforementioned experiment and this manuscripts serves the purpose of reporting these exciting
experimental insights. This paper also explores the functionality of the Koopman operator when
it interacts with the reproducing kernel Hilbert space (RKHS) that arises from the normalized
probability Lebesgue measure di o 1.cn(z) = (2n0?) " exp (—lzlz/o) dV(z) when it is embed-
ded in L%—sense for the holomorphic functions over C", in the aim of determining the Koopman
modes for fluid flow across cylinder experiment. We explore the operator-theoretic characteri-
zations of the Koopman operator on the RKHS generated by the normalized Laplacian measure
du s 1,0n(2) in the L*—sense. In doing so, we provide the compactification & closable character-
ization of Koopman operator over the RKHS generated by the normalized Laplacian measure in
the L>—sense.
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1. Introduction

1.1. Dynamical Systems & Hilbert space
Dynamical systems provides the mathematical framework for the understanding of the phys-
ical reality in which we are preoccupied. Since about the conceptualization of the dynamical

A novel Reproducing Kernel Hilbert Space for data-driven discovery with Limited Data Acquisition
Email address: hsingh@uttyler.edu (Himanshu Singh)
1Visiting Assistant Professor for Academic Year Aug 2023-May 2024 at The University of Texas at Tyler, TX-75799,
Us.

Preprint submitted to Elsevier December 26, 2023



systems, the ability to characterize or achieving the best-possible prediction for the future state-
variables is the key challenge faced by various scientific practitioners across the field of engineer-
ing and significantly others. However, modern mathematical framework which includes machine
learning algorithms such as reduced-ordered modeling has now indeed, grown at such a fast pace,
especially in the past few decades, that these techniques are now regarded as the cornerstone to
develop the data-driven features of the dynamical systems.

d ISCRETIZATION o+t
Ex(t)=f(X(t)) Discrerz F, (X(to))zx(to)+/ f (x(1)) dt. (1)
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DYNAMICAL SYSTEM
Machine learning architectures in artificial intelligence, in particular, deep learning and neural
networks (NN) usually offer a competitive platform to simulate and forecast complex, chaotic and
non-linear dynamical systems as demonstrated in[Figure 2|for the Lorenz dynamical system (L63,
(58))

Figure 1: L63 dynamical system
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Figure 2: NN Simulation of L63 in x(#), y(#) and z(#)—coordinates

However, deep learning architecture faces serious issues for instant dynamics changing con-
text as they lack the tendency to operate or evolve with respect to time (615 83). The scope of
discovering intrinsic information from the dynamical systems evolving with respect to time per-
fectly aligns with the reduced-ordered modeling techniques via the operator-theoretic approaches
when intertwined with the theory of Hilbert spaces generated by the reproducing kernels (2)
RKHS. We define RKHS followed by the basic definition of kernel function.

Definition 1.1 (Kernel Function). Let X = 0, then a function k : X X X — K is called the kernel
on X if there exists a K—Hilbert space (H, (-, -)y) accompanied by a map ® : X — H such that
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Vx,x" € X, we have
k(x,x") = (D), (x))n. (2)
We regard @ as the feature map and H as the feature space of k.

Example 1.2. The most common kernel function that arises from the class of radial basis functiorf|
(cf. (27)) used in modern machine learning and artificial intelligence routine such as speech
enhancement is the class of exponential power kernels (33, 41)) given as

Y
llx —zll,
o

K2 (x,z) = exp (— ; where y,0 > 0and x,z € C". 3)
The constants present in (B), that is, o is referred as kernel bandwidth and vy is often called as
shape parameter. Ify = 1 then we get Kel,;;," (x,z2) == exp (—@) which is referred as Laplace

-zl

Kernel. Ify = 2 in (@), we get Kezx’;r (x,2) = exp(
Gaussian Radial Basis Function (GRBF) Kernel. We direct interested readers (68) to learn more
about the feature map of GRBF Kernel. It should be noted that the choice of kernel functions
can dramatically change the performance of the (supervised) machine learning routine (30; 131)),
specifically in those situation when shorter training time or limited information is available.

), which is commonly referred as

We are now ready to define what RKHS is along with its necessary details and examples.

Definition 1.3 (Reproducing Kernel Hilbert Space). Let X = 0 and (H, -, )y) be the Hilbert
function space over X.

1. The space H is called as the reproducing kernel Hilbert space (RKHS) if Vx € X, the
evaluation functional &, : H — K defined as Ex(f) = f(x), f € H is continuous.

2. A function k : X x X — Kis called reproducing kernel of H if we have:
(a) k(-,x) € HVYx € X, that is ||k(-,x)||g < oo, and
(b) k(-,-) has the reproducing property; that is
f)=(fk(,x))gVfeHandx € X.

It is worth-full to mention that the norm convergence yields the point-wise convergence inside
RKHS. This fact can be readily learned due to the continuity of evaluation functional. This is
demonstrated as follows for an arbitrary f € H and {f,}, € H with ||f — fullg = Oasn — oo,
then

nlg]go fn(x) = r}gl;lo Ex (fn) =(continuity of Ey) Ex (f) = f(x)

2A function @ : R™ — R is called as radial if there exists a univariate function ¢ : {0} UR, — R such that
@ (x) = ¢(r), where r = ||x]|.

Here, || - || is some norm defined on R”, usually || - || which is Euclidean norm.
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Theorem 1.4 (MOORE-ARONSZAIN Theorem (2))). Let H be an RKHS over an nonempty set X,
Then k : X x X — K defined as k(x,x") = (Ex, Ex )y for x,x’ € X is the only reproducing
kernel of H. Additionally, for some index set I, if we have {e;};. r as an orthonormal basis then
forall x,x’ € X, we have

k(rx) = ) ei(x)e(x), )
iel
with an absolute convergence.

Example 1.5. In this example we present the RKHS for the GRBF Kernel by considering a holo-
morphic function f : C" — C. Then, we define the norm as
2no_2n

||f||fr = /C" |f(z)|zegz X (Zi_zi)de(z), )

ﬂ-n

where dV (z) is the usual Lebesgue volume measure on C" = R*". The RKHS for KZXI‘," (x,z2) is
given as follows:

Hy, ={f:C"— C: fis holomorphic and || f]| o < oo} . (6)
We appeal interested readers to follow (96} 197) more for the RKHS on GRBF Kernel.

If, for instance, let k,- (x) = k(x,x’) in (@), then we have an important result for the RKHS in
terms of a weakly converging sequence. As a matter of fact, the sequence is weakly convergent
if and only if it is bounded in norm and it converges point-wise. Upon the use of this, we can
formulate following lemma.

Lemma 1.6 (Lemma 2.4 in (57)). Let H be the RKHS as defined in over C" and
let ky be its reproducing kernel. Then, following holds for the RKHS H:

1. 1imj x| —e0 kx/lkxll = 05

2. let vpy be a sequence converging weakly to 0 in C™ (that is, in particular, vy is bounded).
For each M, put f;(z) = (z,vpm) for z € C", then limp; o fpr = 0 weakly in H.

It should be noted that for the RKHS H with reproducing kernel &, and its reproducing prop-
erty (RP), we have following result:

”kx”2 = (kx, kx)H = kx(x) = k(x,x). @)

1.2. Interface between Operator theory & Dynamical System

Koopman operators or Composition operators theory by BERNARD KOOPMAN in 1930’s pro-
vides an alternative mathematical framework at the operator theory level to understand the com-
plex high-dimensional systems. At-least at the historical perspective, this operator theoretic
framework was majorly borrowed by the traditional composition operators approaches when it
interacts with Hilbert spaces. It comes to the very strange understanding of the fact that the de-
sire of determining the eigen-observables of the composition operators is as old as early 1840’s
due to ERNST SCHRODER’s work in (89) but it was KOOPMAN’s contribution in (52) which made
composition operators synonymous to Koopman operators that we now know of today.

To this end, we define the Koopman operator as follows followed immediately by the following
necessary assumption.
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Assumption 1.7 (Sampling-flow assumption). Let M be a metric space and F; : M — M be
the flow as defined in (1)) along with the Borel-probability measure p whose support supp i = X.
Let the system be sampled at a fixed-time-instant, say At (> 0) such that Fyp; : M — M.

Definition 1.8 (Koopman Operators). In the light of action offAssumption 1.7] the obvious choice
of observables of dynamical system is the Lebesgue-square integrable functions with respect to

the measure 1, that is L? (p). L* () is the Hilbert space equipped by the inner product as
(fs8) 2w = fo()g*()du() The other natural selection for the Hilbert space can be the
RKHS. The dynamical flow F, induces a linear map Ky, on the vector space of complex-valued
Sfunctions on M and on X defined as

VIA
Kr, : L (u) = L* (1) = Ky,g = goF,. ®)
N——
COMPOSITION

We can also provide the continuous-time infinitesimal generator of the Koopman operator family
for the given dynamical system (1)) as
goFi—g

Kr.g — 8
Afg = 1i d =1 . 9
ts tE}(l) t tE}(l) t ©)

However, the time derivative of g in the direction of trajectories x(t) of dynamical system in (I))
yields

L (x(1) = Vg x(1) = Vg £ (x(1), (10)

which if we equate in the following way

@
Ve (x(0) £ (x(1)) = g (x(1)) = fim EXEDZEOO) _
(]
def
.. Agg = Vg -f. (11

The operator ‘A¢” in (TT)) is called as the Liouville operator and is formally defined as follows
over the underlying Hilbert space, in particular RKHS H.

Definition 1.9 (Liouville Operator). Consider the dynamical system in (1)) where f : R" — R"
is Lipschitz continuous. Let H be a RKHS over the non-empty compact set X C R". Then, the
Lipschitz continuous dynamics f induces a linear map Ag with its natural symbol as f defined as

A : D (Af) > H = Asg =Vg -, where
D(As) ={gecH:Vg-feH}.

The Liouville operator was introduced by ROSENFELD and his collaborators in the year 2019
in (74) to understand the complex theory of system identification. The main difference between
the Liouville operator and the Koopman operator is how the dynamics get encapsulated by these
operators. As such, it is worthwhile to mention that the Liouville operator A¢ directly encapsulate
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the dynamics, on the other hand, the Koopman operator Ky encapsulate the flow of the dynamics
which needs the dynamics to be discretizable.

In what follows, a formal relationship between the eigen-observables of Koopman operator
with the possibility of model reduction for high-dimensional dynamical systems was devised by
MEzic in (60; [62). In the interest of performing reduced ordered modelling via either Proper
Orthogonal Decomposition or Principal Component Analysis for a high-dimensional dynamical
systems such as turbulent flow, extracting the spatio-temporal modes of the system remains a
central challenge since either of these two techniques are unable to preserve these modes as the
system evolves with respect to time. Hence, realizing this critical issue, it led to the development
of physical and mathematical framework of Dynamic Mode Decomposition (DMD).

DMD was formulated by SCHMID in (83) along with its other parallel variants in (86j 87)
etc. to address the issue for the identification of spatio-temporal coherent structures for high-
dimensional time series data in the fluid community area, in particular cavity flow and jet flow.
Contemporary to the work of SCHMID in (85) in 2009, around the same period, ROWLEY and
MEzic together with their collaborators in (77) carved out indispensable connections between
DMD and the spectral-observables of Koopman operators and demonstrated their results on a
jet in cross-flow. DMD with other of its variants such as DMD with control (DMDc) (67) or
multi-resolution DMD (mrDMD) (55) finds extensive applications in characterizing epidemio-
logical systems and fluid turbulence respectively. Recently, SONG and their collaborators in (109)
demonstrated the applicability of DMD as a new approach to dynamic model the nonlinear de-
formation behavior of soft tissue.

Collectively, the notion of casting the non-linear dynamical systems into the Koopman oper-
ator, indeed allows DMD to accurately characterize periodic/quasi-periodic behavior given that
enough acquisition of data is ensured beforehand. When the dynamical system is initiated by the
large set of state variables, then Kernelized extended DMD (KeDMD) (103) methods are invoked
which are motivated by the kernel-trick (88)) of some appropriatly chosen RKHS, which intrin-
sically approximates the DMD measurements via the evolution operator Ay in yx+1 = Ayyx (cf.
(10l Page 327)). Looking ahead to the spectral convergence of the Koopman operators to identify
the governing features of the complex dynamical systems via DMD, the convergence exhibits in
the strong operator topology (SOT) (53) which is significantly similar as the point-wise conver-
gence (39, Chapter 13). However, in the pursuit of achieving better convergence then SOT, one
can identify the spectral information of the Liouville operators which provide the norm conver-
gence (34; 1475163 [714735 1765 180).

1.3. What this paper offers?
Following is the practical utility of the present paper:

1.3.1. Motivation for this paper

Modern data science is unarguably going through a phase which can be easily called as a
data revolution, where scientific machine learning algorithms such as DMD and its related vari-
ants are helping in creating data-driven models to comprehend the understanding of complex
dynamical system. As such, we have already learned the importance of DMD in various scien-
tific and engineering field as presented in before in this paper with obvious important references
included, however, we also simultaneously see that we lack a proper and robust framework which
can execute the same if enough data-set or enough number of snapshot is not present. Lack of
investigation in this direction motivates the need of this paper, which provide the solution to this
problem by taking the advantage of Kernelized eDMD and random matrix theory.
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1.3.2. Offerings of this paper

We immediately provide the offerings of the current work which is in the direction of de-
veloping a novel methodological setup to execute the Kernelized eDMD but with limited data
acquisition. Here we describe the chief contributions of this paper:

1. This paper studies the operator theoretic interactions of the Koopman operators over the
RKHS of holomorphic functions which is generated by the normalized Laplacian mea-
sure du o 1.cn(2) in the traditional L?—sense given in (19). In particular, we are interested
in determining the compactification behaviour of the Koopman operators over the newly
developed RKHS associated with the Laplacian measure. In doing so, we demonstrated
meticulously that how the Koopman operators are essentially going to act boundedly over
the RKHS of the normalized Laplacian measure. Then we also investigates the essential
norm estimates for the Koopman operators. Upon the optimization of the essential norm
estimates for the Koopman operators over RKHS of the normalized Laplacian measure, we
eventually prove that the desired compactification of the Koopman operators.

2. Being the ability of the Koopman operators that they can be compact over the RKHS of
the normalized Laplacian measure, it immediately allow us to extract the finite rank repre-
sentation of the Koopman operators over the RKHS of the Laplacian measure. Thus, once
we are aware of this structure, we can proceed further to perform the eDMD with limited
data acquisition by using the Koopman operators and RKHS of the normalized Laplacian
measure.

3. It should be noted that at the time of this research investigation, we do not have any refer-
ence in which the both reproducing kernel and the corresponding RKHS of the normalized
Laplacian measure are discussed. Therefore, this manuscript immediately takes the ac-
tion of developing the theory on grounds for the Laplacian measure acting in the L>—sense
over the holomorphic functions in multivariate case over the complex plane. In doing so,
this manuscript provides following Hilbert function space theory details for the Laplacian
measure:

(a) Inner product formulation for the Hilbert space arising from the Laplacian measure,

(b) Establishment of point-evaluation inequality which leads to the formation of the RKHS
from the Laplacian measure,

(c) Determination of the orthonormal basis of the Hilbert space generated by the normal-
ized Laplacian measure,

(d) Formulation of the closed-form-expression of the reproducing kernel for the RKHS
generated by the normalized Laplacian measure,

(e) Determination of the weakly converging sequence in the RKHS of the normalized
Laplacian measure followed by the bounds (both lower and upper) for the norm of
reproducing kernel of the RKHS generated by the normalized Laplacian measure.

4. We also investigated the property of the Koopman operator to be closable over the newly
generated RKHS from the normalized Laplacian measure, which helps making this RKHS
as novel and non-trivial choice for the data-science practice in the light of limited data
acquisition. It was first pointed out by (43)) to exhibit the closable nature of the Koopman
operators as a desirable operator property of it over the underlying Hilbert spaces which
later on noted by (16, Page 43) as a tough task to circumvent through.
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1.3.3. Detail plan of the paper

Needlessly to say that the paper is quite lengthy and this is perhaps due to the fact that many
of mathematical details and technicalities are not present in the ready-to-use perspective. After
that we have described the key offerings of this paper, we present now the detailed plan of the
paper which addresses these offerings.

The rest of the paper immediately opens up with reviewing the Kernelized Extended Dynamic
Mode Decomposition in[Section 2]and also we understands the notion of limited data acquisition
and Gaussian random matrix theory can help constructing the data matrix. This is where we pro-
vide the algorithm to perform the Laplacian Kernel variant of eDMD coupling with Gaussian ran-
dom vectors along with certain theoretical justifications in[Proposition 2.15|and [Proposition 2.16}
The algorithm provided in this section is can be readily taken in hand to perform the experimental
study for fluid flow across cylinder experiment, which is performed in[Section 5] However, to get
to that section, one has to perform the detail analysis of the RKHS generated by the Laplacian
Kernel Function when it is viewed as in L?—measure sense and then how the Koopman operator
acts on this RKHS. Both of the study is performed simultaneously in the respective sections of
[Section 3]and[Section 4] Lastly, we show why the Laplacian Kernel and its corresponding RKHS
is novel in[Section €| by determining the sequence of functions which makes Koopman operators
to act closable in contrast to any other kernel function and its RKHS such as Gaussian Radial
Basis Kernel Function.

2. DMD with Limited Data Acquisition

We provided various versions of DMD in the introduction, however, the present research in-
vestigation smooth aligns with one of the variant of DMD which relies on the choice of the repro-
ducing kernel and its corresponding function space, which often, as already mentioned, is referred
RKHS. The kernel variant of eDMD has one very strong benefit, that it has the strong ability to
handle the curse of dimensionality. Thanks to the kernel-trick, which is a natural nature offered by
the reproducing kernel. The ideology for extracting the dominant pieces of information from the
time-changing physical phenomena is the approximation of Koopman operators by embedding
it in the RKHS via its corresponding reproducing kernel functions and this can be immediately
observed in (15 (35 1151225 235 128 1325 1494515 1665 [105).

2.1. Extended Dynamic Mode Decomposition

Now, that we have already provided the exposure of the dynamical systems in the RKHS
setting via the action of the Koopman operator, we recall one of the variant of DMD which exploits
the direct use of the Koopman operators over the choice of the RKHS, i.e. the extended-Dynamic
Mode Decomposition (eDMD) (485 [102).

2.1.1. Review of eDMD

Our algorithm for the data-driven discovery heavily relies on the setting of the eDMD and
this strongly motivates us to review the eDMD which is followed by the definition of the data-set
of snapshots.

Definition 2.1. Consider (n, M,F) be the discrete dynamical system where n € Z is time M C
R™ is the state space and x +— F(X) is the dynamics. Then the data-set of snapshots of pairs



corresponding to the discrete dynamical system (n, M, F) is given as following:

| [ [ [ [ [ _ [ [
x—F(x) y=F(x)
X| Xo o Xy = |F(x)) Fx2) -+ F&p)| = |y1 Y2 - ¥ym|- (1A2)

With a slight abuse of notation to the Koopman operator as K (instead of Ky, in (8)), we
understand that the Koopman operator acting on the observable ¢ : M — C as

Ko (x) = ¢ o F(x) = ¢(F(x)),

yields a brand new scalar valued function that gives the value of ¢ one-step ahead in the future
against the discrete dynamical system (n, M,F), where n € Z, M C RN and x — F(x). In
the natural interest of determining the Koopman spectra-observables i.e. Koopman eigen-values
(ux) and Koopman eigen-functionals (¢y), they are also accompanied by the Koopman modes
(&) of a certain vector valued observable g : M — RNe, (N, € N), which is refer as the full
state observable given as g (x) = x. Further, one can have a following decomposition in terms of
the aforementioned the triple eigen-values, eigen-functionals & modes of the Koopman operator
corresponding to the (unknown) dynamics x — F(x):

Ni Ni
X = Z Gon(x), F(x) = Z MicSrpr (X),
k=1 k=1

where, supposing that Ny is the number of tuples required for the re-construction of the system
from the data of the dynamical system.

In the light of choosing scalar observables for the eDMD process, we will define the important
notion of feature map and feature space as follows:

Definition 2.2. The eDMD is provided the choice of scalar observables and for that let T be
the appropriate choice of scalar observables (such as RKHS). To do this, let Y : M — R for
k = 1,..., Ni under the assumption that span(Fy,) C F. In particular, the space of scalar

observables is approximated using {wk}g:kl functions then feature space is RVx. Additionally,
the feature map ¥ will be the ‘stacked’ column vector of entries {yri } formally given as follows:

U (x)

s=| "

U ()

With the feature space RV* and considering the value of any functions ¢, ¢ € Fu,, where
(again) span F, C RNt one can define the evaluation of both ¢ and ¢ against the inner product
with certain coefficient vector a and @ in CN*:

Nk
¢ (%) = (@ Pz =¢(x)Ta= Y aryi(x)
k=1
Ny
(%) = (@, P(X)enve =)@ =) dih(x).
k=1
9



It should be noted that the goal of the eDMD is to employ the pair of data-set of snapshots defined
in (T2) to generate the compactiﬁecﬁ version of the Koopman operator denoted by K € RNk x RVk
for some given coefficients a and @ such that v = (K¢ — <Z5) € ¥, is minimum. We now provide
the algorithm of eDMD.

Algorithm 2.3. The algorithm for the extended-Dynamic Mode Decomposition is given as follows:

Step 1 With the pair of data-set of snapshots as defined in (12), compute the following observation matrices
with respect to the scalar observables (kernel) :

¥ (x1)T ¥(yD"
NEACON NEADE

Yy = . B ‘Ily = . 5
¥ (xp) " ¥ (ym)"

where Wy and Yy constitutes the matrix in RM XN,

Step 2 Compute the following two matrices:

M
6 =YiPx= > ¥ (xn) ¥ ()
m=1
M
A=W]W¥y= 3" ¥ (xn) ¥ (vm)-
m=1
Step 3 Determine the pseudo-inverse of ® and denote it by 6P
Step 4 Determine K by setting
K26 PA.

In the spirit of singular value decomposition (SVD) based DMD via (85), the SVD of W can
be used to construct a matrix similar to %; this is given as follows:

Proposition 2.4. Let the SVD of Wy takes the following mathematical structures:
b N WAR

where Q and £ € RM*M gnd Z € RVN>M | The pair of non-negative i and v are respective an
eigenvalue and eigenvector of

dc & (E(—)pQT) (¥,'¥]) (QZ(—)P) _ (E<_)”QT) A (QE(_)"), (13)

if and only if u and v = ZV are an eigen-value and eigen-vector of K.

Now, that we have defined the basic ingredients including the action of the Koopman operator
on the discrete dynamical system for the eDMD, we present the reproducing kernel variant of the
eDMD.

Algorithm 2.5. The eDMD powered by the reproducing kernel function K (-, -) is given as follows:

3finite rank representation of the infinite dimensional Koopman operator
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Step 1 In the light of data-set snapshots given in (12)), choose the reproducing kernel function K (-, -), which
generate the corresponding and unique RKHS.

Step 2 Compute the elements of@ = [@] ixj and A = [A] ixj that are defined as follows:

Step 3 Determine the spectral observables of the Gram-matrix 6, ie Qand X.
Step 4 Construct K via (T3).

In (102)), the choice of kernel function were the polynomial kernel function which is given as
Ko (x,y) = (1 +<x.»)/a?)? and the Gaussian Radial Basis Kernel Function. Apparently, for some
reasons the aforementioned kernel functions has always been the general choice of performing
the DMD which involves the computation of Gram-matrix ®, for example in (73).

2.2. On Limited Data Acquisition

All the variants of DMD expects to run on the availability of data-set snapshots that we have
defined formally in (I2)) under the additional assumption that moderate number of snapshots are
actually provided. Explicitly, in (T2), we can see that we have a total of m—data snapshots for
the discrete dynamical system (n, M, F) given in Now, the question in which
we are interested is that would we be able to perform the extended-DMD if only limited data-
set snapshots are available for any general discrete dynamical system. Following is the simple
definition for the limited data acquisition on which the present paper is based upon.

Definition 2.6. For the general discrete dynamical system (n, M, F) as given in
we regard the data-set snapshots as ideally the full data acquisition, in which we have, here, as
m—snapshots. If, we have the same data-set snapshots but for some positive my € Z, which satisfy
mg < m, then we simply say these data-set snapshots as limited data acquisition.

Example 2.7. For the standard fluid flow across cylinder experiment (as such in (4) etc.) with
its Reynolds number as 100 in (54)), there are 151—data-set snapshots and each snapshot is the
column vector whose dimension is 89,351. In this case, the full data acquisition corresponds
to data-set snapshots of matrix of dimension 89,351-by-151. However, for the same physical
experiment, if we have data-set snapshots of matrix whose dimension is 89,351-by-m¢, where
0 < mg < 151, then we will regard it simply as the limited data acquisition.

Besides the crucial challenge of uncertainty in knowing the about the exact mathematical
structure of f in (I that governs the concerned dynamical system, the next immediate challenge
that we face in the theme of data-driven science is about the information of dynamical system
when we do not have the luxury of enough data-set snapshots. It turns out that for the data-driven
methodology, one can use the knowledge from the important topics of random matrix theory
(265 198)) to construct the data-driven models for the related dynamical systems.

2.3. Using random matrix theory for limited data acquisition

Assuming that the case of limited data acquisition in the direction of for a certain
dynamical system in which 0 < mq < m for the data-set snapshots as in (T2), we will construct a
data-set snapshots matrix in which random vector from certain probability density function will
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be drawn and augmented so that the final matrix of the data-set snapshots eventually contains
(again) m column vectors (snapshots).

Fui Dara Acouisimion Lawren Data Acouisimon Raxnom Vecror Data Acouisition

[m] [0 <my < m] [m]

Figure 3: A conceptual diagram to intercept the different notions of data acquisition. The very-first matrix in the
EXTREME LEFT symbolised the ideal or at-least expected condition of having-supposedly m—snapshots. The unfortu-
nate situation of acquiring only m—snapshots out of those m—snapshots is depicted in the MIDDLE FIGURE. In order to
construct the ideal situation matrix in which m—snapshots are present, a simple padding of m — mg random vectors is
inserted and this is symbolized in EXTREME RIGHT.

2.3.1. Preliminary to the Random Matrix Theory

The ensembles of well studied random matrix for example MANOVA, Gaussian, & Wishart
etc. from the realm of random matrix theory has always played an integral role in various areas
of mathematical probability and its application in mathematical physics (13;/44;/59;/108). We will
present the definition of the Gaussian random matrix ensemble in the interest of our experiment.

Definition 2.8 (Gaussian Random Matrix (26)). For some positive integers m and n, the Gaussian
random matrix G|(m,n) is simply the m X n matrix of independent and identically distributed
standard random normals. If A is the Gaussian random matrix of m X n dimension, then its joint
element density is given as follows:

1 1
Gy exp (—§||A||12¢), (14)

where || ® || is the Frobenius norm.

More concretely, one can also define the probability density function for some random vector
X in more rigorous way as follows.

Definition 2.9 (Multi-variate Gaussian random vector (99, Definition 3.2.1; Page 26)). Let X :=
(X1,...,Xy) be a random vector. Then we say that X is a Gaussian random vector if we can
write X = p+ AZ, where u € R", A is n X k—matrix and Z is a k—vector of independently
identically distributed standard normal random variables. We use the notation X ~ N, (u,X)
where £ = AAT, to imply that X is the Gaussian random vector whose distribution is determined
by p and X. We also say that X ~ Ny, (u, X) is non-degenerate when ¥ = AA" is is positive
definite (equivalently invertible).

In the case, when X, ~ N, (i, £) and is non-degenerate, then the probability density function
of X is given as

pdfy, (x0) = (xo =1 E (%0 = 1)) (15)

1
G |

for all xg € R™.
12



2.3.2. Choice of random matrix

It should be noted that there are several choices of considering random matrix other than
what we have described for the Gaussian random matrix in either of the definitions given above.
The most important property of (any) Gaussian random matrix is its orthogonal in-variance (26))
which means that if A is a Gaussian random matrix, then one fails to distinguish among QO A4,
A and AQ,, where Q; and Q; are non-random orthogonal. The other choices of random matrix
that one can use could be Uniform random matrices & Rademacher matrices (40), however the
empirical evidence in the present manuscript establishes that augmenting the data-set snapshots
with the Gaussian random matrix yields better results in contrast with any other random matrix.

Now, we will present the compelling theory behind the process of augmenting the data-set
snapshots when limited data acquisition holds with the Gaussian random vector whose probability
density function in general is given in (15).

2.4. Theory for augmenting data-set snapshots with random matrix

As already demonstrates about the situation of limited data acquisition in which we
tend to augment the data-set snapshots matrix with the suitable matrix size of random matrix, in
particular Gaussian random matrix to mimic the exact correspondence of full data acquisition.
However, the figurative description is merely not enough to explain how one can simply augment
the data-set snapshots matrix with Gaussian random matrix and resume the Kernelized eDMD
process to extract the governing feature of the underlying dynamical system. In particular, in
doing so, we encounter with following two crucial questions which needed to answered in the
best-robust possible way.

Question 2.10. Does there exist a subspace inside a measurable space on which the sub-sequence
of snapshots generated by the discrete dynamical system X,.1 = F(X,) (here, ¥, = X,41 in
(12)) can be made arbitrarily close to the Gaussian random vector X,, whose probability density
function is defined in ? Precisely, if the observables is in the domain of Koopman operator as
L?(u) over a measurable space X, then given that the sequence of observables {ap )y — pdfy,
almost everywhere over L (), then does this convergence happens in measure as well?

If x,, is the actual n—th snapshot which is evolved by the above discrete dynamical system,
and let X,, be Gaussian random vector whose probability density function is pdfy , then the above
question is simply asking that can the difference between these two vectors can be made arbitrarily
small in measure-theoretic sense. If so, then the answer (given in[Proposition 2.15)) to this provide
the immediate justification of using the Gaussian random matrix of appropriate matrix dimensions
in the light of limited data acquisition.

Question 2.11. Ifx,, is supposedly the actual n—th snapshot evolved by the above discrete dynam-
ical system, and let X, be Gaussian random vector whose probability density function is pdfy ,
then is it possible to minimize the difference between the observable g evaluated at X,, and this
pdfs, as the difference between x,, and Xy, is negligibly small?

The above question is raising the concern for the interpretation of the probability density
function as the choice of some observable space on which the Koopman operator K can act
upon, when we have constructed the data-set snapshot matrix by augmenting, here with Gaussian
random vector at the n—th snapshot entry. If so, then the answer (given in |[Proposition 2.16)) to
this question allow us to treat the probability density function for the Gaussian random vectors to
interpret as the observables for the Koopman operators.

Now, finally we provide the solutions and answers to these question as follows.

13



2.4.1. Answer to Question I

To answer the we need to recall the notion of convergence in measure. It is
done so as follows:

Definition 2.12. Let u be a positive measure on measurable space X. A sequence fn of complex
measurable functions on X is said to converge in measure to the measurable function f is to every
€ > 0 there corresponds an N such that

puix e X | fn(x) - f(X)| > €} <,

for all n > N. The notation that we use to symbolize convergence of fy to f in measure is
M
N—=f.

The important application of the notion of convergence in measure is capture in following
theorem, whose proof can be found in the standard references such as Scheffeé’s Lemma from
(101} Page 55) or (84) or (78, Probelm 18, Page 74). The following characterization is needed for
this manuscript to provide the convergence in measure.

Theorem 2.13. Let fy be sequence of LP (u) functions as defined in and if

lfn = flle (u) — O then fy — f in measure.

We would like to recall an important measure theory related fact, which is true for any general
LP spaces with respect to (positive) u—measure and 1 < p < co. However, here we stated only
for p = 2 case.

Lemma 2.14. Let S be the class of all complex, measurable, simple functions on the L* (1)
measurable space X such that for s € S, u{x € X : s(x) # 0} < co. Then, S is dense in L*().

We provide the following proposition which provides the conclusion that how x, can get
arbitrarily close to the X5 which follows the multivariate Gaussian probability density function
and ultimately answering the[Question 2.10] Essentially the following proposition can be realized
as the nice application of the aforementioned Lemma 2.14]

Proposition 2.15. Let {gas}y, be the sequence of real (or complex, if needed) measurable func-
tions on X whose domain is the range of ¥, as in or as in X,y = F(x,). If
{am}y — pdfy almost everywhere in L? (1) —sense where pdfy is the probability density
function for the Gaussian random vector X,, as given in (1), then {@p}y; converges to pdfg, in
measure.

Proof. Define S as in[Lemma 2.14]and let ; > 0 for i = 1 and 2. We begin by assuming that the
sequence of {gas},, that are defined on locally compact Hausdorff measurable space X such as
R"™. Now, fix M € Z, and for this gj; defined over locally compact Hausdorff measurable space
X, we have sp; € S so that gps = sps except on a set of y-measure < € for this fixed M. Also,
lap| < lIsale by the direct virtue of the Lusin’s theorenfd (cf. (78| Page 55)). Hence,

1
lgar = sall 20 < 26, Nsp oo

4Suppose f is a complex measurable on a measurable space X, u(A) < oo, f(x) =0if x € A, and € > 0. Then there
exists a g € Cc(X) such that u ({x : f(x) # g(x)}) < €. Furthermore, we may arrange it so that sup ..y |g(x)| <
supyex | f(x)].
14



Similarly, for the probability density function pdfy for the Gaussian random vector X,, defined
over the locally compact Hausdorff measurable space X (again) such as R”, we have s € S so that
pdfy, = s except on a set of measure < €. Additionally, |pdfy | < ||s|l~ by employing the
Lusin’s theorem. Hence,

1
Ipdfy, =sllz2() < 26" Ille
Let € > 0 such that max {Ei/ZIISMIIm, e;/2||s||m} <471 (e —|lspr — S||L2(#)). Now, observe that

g —pdfs, lr2¢) =l8m — Sm + 5p — s +5 —pdfy 12y
<llanr = smllzzcuy + 15 = sll2 ) + IIs = pdfy, 122
=llam — smllp2uy) + IIs —pdfs, lz2(e) + 1sm = sz
l/zl 1/2|

<2€"|Islloo + 26, " [Islloo + [I8 = Sl 22 (1)

1 1
<2 2max {e sl sl } + llsar = 11224
<4.471 (6 —llsm - S”L2(;1)) +l5ar = sll22(p0)-

The above calculation results into [|gas —pdfy [|72(,) < € for some fixed M and as this € was arbi-

trary, we eventually see that ||ga — pdfy [[;2(,) — 0. Therefore, by applying the Theorem 2.13]
we have that {gps},, converges to pdfy in measure. O

2.4.2. Answer to Question 2

We provide the solution for the as follows which relies on the projection val-
ued measure form of the spectral theorem (70, Chapter 8, Thereom VIIL.6, Page 263) and with
additional mathematical techniques from (38, Chapter 7 and Chapter 8).

Proposition 2.16. Consider the discrete dynamical system as X1 = F(X,) or as the ¥, defined

in[Assumption 1.7\and let g be an observable function for the Koopman operator K whose domain
is D(K) = L*(u). Let g, = g(X,) and let the n—th Gaussian random vector %,, is drawn by the
probability density function pdf (o). Then following holds true

1§ (xa) = pdfy, (x)| = 0 where g, > pdfy, .
Proof. The proof of the above theorem involves the detail involvement of the projection-valued

measure & defined over the support on the spectrum of K that is spec (K). For g € D (K) =
L?(u), we can have following in the same way as we have in (17, Section 2.1.2, Page 229),

g= (/Td(‘)(/l))g and Kg = (/T/lda(/l)) g.

In the spirit of above, one can have following in the light of pdf as follows:

pdfy = ( / d8(/l))pdf,-(n and K pdf; = ( / /lda(/l))pdfin (16)
T T
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The very-defining action of the Koopman operator allow us to write following for the observable
function g

8 (xn) = [K"g] (x0) = [(/Tﬂ"dﬁ(/l)) g] (o) - (17)

As from the general theory of probability density functions that they are L' —integrable with re-
spect to the (arbitrary) positive finite Borel u—probability measure, thus this implies that pdfy is
in L? (y which is the observable space for the Koopman operator. Similarly for the pdfy as an
observable, we have following: '

(xp) . (18)

pdfy (xo) = [K" pdf, | (x0) = [( /T /l"dS(/l)) pdfy

where the first equality in above is because of viewing the n—th Gaussian random vector X,, as
the n—th snapshot and hence the relation of exponentiation the Koopman operator is justified.
The second equality in above is simply the continuation of what we attempted for any arbitrary
observable with the action of the Koopman operator to present in terms of its projected valued
measure. Now, that we have formulated the decomposition of both g and pdfy ~according to the
spectral content of the Koopman operator K in and (T8)), we can subtract both of them as
follows:

¢ (x,) - pdfy (x0) = ( /T andaw) g] (%0) — [( /T A"daw) Pdfi"] (x0)
= ( /T A"da(ﬂ)) {g- pdf,-(,l}] (x0)
— 1 (xa) - pdfy, (x0) | = [( /T A"daw) fg- pdfin}] (x0)

< (/T/l”dé'(/l))’H{g—pdfi"}H [Ix0]-

With g, == g(x;,) as already defined and given that g, et pdfy let there exist an € > 0 such that
|{gn — pdfy, }| < € (E(T)IIxoll)~!. Hence the desired result holds. o

Now, we are ready to introduce the normalized Laplacian measure over C" formally through
which the corresponding RKHS will be constructed in the subsequent section of this paper.

2.5. Laplacian Kernel as L>*—measure

As of now, the main challenge that we face while we try to understand the dynamical system
is limited data availability. Having stated that, in the theme of already-existing DMD algorithms,
surprisingly they do not provide a framework which deals with this challenge. Therefore, the
present goal of this manuscript is to perform the DMD in the interest of limited data acquisition
and analyze the developed framework for better understanding. To achieve this goal, we will
leverage the understanding of Koopman operators and its operator-theoretic behavior over the
RKHS.

5due to the ordering or set inclusion of various LP with respect to the finite Borel measure, follow (100).
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We will be considering the RKHS of holomorphic functions f : C"* — C which are L*~inte-
grable over C" against the normalized-probability L?— measure du 1 cn (z) given as:

_ z
rnen(@) = () " exp (102 av ), (19)
where o > 0and z € C"and ||z]l = |z + -+ |zn]? forz = (21, ..., z,) € C". Here, dV(z)

is the usual L?>— measure over the entire complex plane C".

2.5.1. A word on Laplacian Kernel viewed as L>*~measure

This perspective of considering the RKHS is very-rich as it is based on determining the or-
thonormal basis which immediately builds the RKHS (2;/815/82)). This ideology recently garnered
attention in (93) to discuss the functionality of a new kernel function Generalised Gaussian Ra-
dial Basis Function Kernel on various Al learning architecture routine which was first introduced
in (92). Additionally, this way of studying the corresponding function spaces has its deep-rooted
history with quantization in quantum dynamic system in (8) which is referred as Gauge transfor-
mations.

Definition 2.17 (Gauge Transformations (8 46} [65)). Consider a closed subspace $ of L*(p)
over a measurable space Q equipped by the positive measure u. If we get an essentially equivalent
function theory if we replace f by ¢ f and u by |¢|~>u where ¢ is any non-vanishing measurable
function, then this transformation is called as the Gauge transformation.

To provide more insights on this, we provide the following table [Table 1| with various (yet
limited) various kernels that generate their corresponding RKHS.

Table 1: Kernel functions viewed as L2— measure via Gauge transformations

REPRODUCING KERNEL HILBERT SPACES

KERNEL VIA REPRODUCING
sz MEASURE PARAMETERS REF. SR ”2 KERNEL DoMAIN
K(--)
e~lzllo o>0 @ e Ilx=zllp/or - cn
2 _ 2
e~ olzl o>0 {07 o~ llx=zlly exp((rxTE) cn
21,12 2 2
2.2 —opll o 2en2  —OAllx=2|
o= zP ge T0 - o>00p> @ o~ lx=zlly ™0 2-1 cn
0
_2/q-2 ~z4 XZ
|zl e q>0 @3 >n g D)

.....

from (13; 30; 31) to employ the Laplacian Kernel in the L?—measure theoretic sense into our
study for performing DMD with limited data acquisition. It should be noted that the practition-
ers in (7)) demands the understanding of various kernel function, in particular Laplacian Kernel;
which eventually is fulfilled in (15;130;[31) however their domain of action for the kernel function
is limited or should we say restricted to S"~' := {x € R" : ||x|| = 1}. This is due to their in-
terest in collaborating their result with deep neural tangent kernel (NTK) (45). Following figure

17



compiles with an interactive and attractive assembly of various exponential measure as mathemat-
ical functions which finds monumental application in powering machine learning and artificial
intelligence algorithms.

s exp (— :

Figure 4: Interactive figure for inter-connection of various exponential type measures as depicted in[TABLE 1]

2.6. eDMD algorithm with Limited Data Acquisition
The algorithm for the Kernelized eDMD with limited data acquisition is actually powered by

two key component. The first key component is using the Laplacian Kernel which is given as

lx=zll

— ) and the second key component is augmenting the data-set snapshot

Kéxg (x,2) = exp (—
matrix by padding the Gaussian random matrix of appropriate matrix dimension in the case of not
having enough data-set snapshots. Once, this new data-set snapshot matrix is constructed, then

follow the already provided Kernelized eDMD algorithm in (102)) or here given in|Algorithm 2.5

Algorithm 2.18. The eDMD with limited data acquisition executed by the Laplacian Kernel Function
Kl,o‘ . .. . .

exp () and Gaussian random matrix is given as follows:
Step 1 Construct data-set snapshots matrix by padding appropriate number of Gaussian random vectors

whose probability density function is given as (13) or with joint density given as in (T4). Let a finite
o > 0is also chosen.

Step 2. Compute the elements of Gram-Matrix ® = [®];y; and Interaction-Matrix I := [I];y; that are
defined as follows:

[6];x; = Kiy (xi.%;)

[L]ix; = Ke}x;JT (vi.x;j) -

Step 3 Determine the spectral observables of the Gram-matrix 6, ie. Qand X.
Step 4 Construct K via (T3).

Remark 2.19. As one can easily observe that the above algorithn takes the direct advantage of

the Kernelized eDMD algorithm as given in (102} |103), however their work is either relied on the

choice of polynomial kernel function or the Gaussian radial basis kernel function and so other

kernel based DMD algorithm such as in (73} [76) where the aforementioned authors do not explore

the same with the Laplacian Kernel Function coupled with the nuances of random matrix theory.
18



Most importantly, it is worth-while to mention that the solutions to the crucial concerns raised in
[Question 2.10|and|Question 2.1 [\which basically demands that how the Gaussian random matrix
can be used to construct the data-set snapshot matrix of the desired matrix size when only a few
number of snapshots are provided, helps in giving the robust justification of using the random
matrix theory. Additionally, the concerns in|Question 2.10| and [Question 2.11|can be thought
of as an underlying assumption to construct the data matrix so that the practitioner has enough
number of data-set snapshots to operate on via the Laplacian Kernel based eDMD.

Note 2.20. In this section, we developed the Laplacian Kernel based eDMD which uses the Gaus-
sian random vectors as its snapshots to discover the Koopman modes as directed in (13) in[Propo-]
pition 24, We will employ this algorithm to construct the governing features via the Koopman
modes of fluid flow across cylinder experiment (whose data acquisition related details are given
in |[Example 2.7) in which we will provide true 3, 7, 20, 55 and 151 number of snapshots out
of actual available 151—snapshots and each snapshot is a column vector of size 89,351. As al-
ready discussed, the respective remaining numbers i.e. 148, 144, 131, 96 and 0 of snapshots
will be Gaussian random column vectors which will be augmenting the data-set snapshots ma-
trix. These results will directly be compared with the Gaussian Radial Basis Kernel Function as
well. These results will be immediately presented once we have demonstrated the compactifica-
tion of the Koopman operators over the RKHS generated by the normalized Laplacian measure
dpor,1.cn(2) in (19); this detailed analysis performed in the following two sections.

3. RKHS from the Laplacian measure

3.1. Preliminaries

Now, with enough inspiration to understand Laplacian Kernel in the perspective of L?—mea-
sure, we began to study the same after considering following two important notions, that will be
used quite often in this paper.

3.1.1. Notation

The set of natural numbers is denoted by either N or by Z, and in union with 0 is denoted
by W, thatis W := 0, 1,2,.... We use Kronecker delta §,,,, on non-negative integers n and m
to depict that, §,,, = 1 whenever n = m and d,,,,, = 0 if n # m. We denote a complex number
z = x + iy where x and y € R. With that z, its conjugate-part is given as 7 = x — iy along with
its absolute value as |z|*> = z-Z = x* + y*>. We reserve symbol K to treat with choice of fields
on which we will operate upon; in particular K can either be R or C. The multi-index notation is
employed as j = (ji,...,jn) and |j| = ji+- -+ juo. 2= (z1,...,24) then 2/ = (', ..., 2",
and dz = dz; -+ - dz,.

3.1.2. Tensor Product Notation
We recall the tensor product between two functions, say fi, f» : X — Kgivenas fi ® f> :
X x X — K. Then, for all x,x” € X the tensor product f| ® f, is defined as f; ® f>(x,x’) =

fi(x) f2(x).
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3.2. Function space corresponding to the Laplacian measure in L*>—sense

As already stated that, we will be incorporating the Laplace Kernel Ké);g (x, z) for our DMD
study with limited data availability which takes inspiration from the fact that it outperforms deep
learning architectures when shorter training time is provided. It is not hard to comprehend that
we are in void of the understanding of reproducing kernel and RKHS perspective (in
when Laplace Kernel is viewed as the Laplacian measure (19).

To that end, we provide the inner product between two holomorphic functions f : C* — C
and g : C" — C associated with this measure as:

lzll

(f-8arcr = Non /C [ i 1.0n(2) = Noin /@ f@g@e” V(). (20)

Here, ‘N1, is the normalization constant and its explicit value is (2710'2)_". Once we have
define the inner product for the space, the square of the norm for holomorphic function f : C" —
Cis:

[E4)

1 1
A1 1.0 = r? /C @ Pdpgcn(z) = o) /C f@Pe T avz). @D

After defining the norm of the holomorphic function f : C* — C, we can have following as the
Hilbert function space.

Hg1,cn = {holomorphic function f : C"* — C: || fll¢,1,cn < oo} . (22)
As of now, we have collected basic yet useful facts regarding the Hilbert space H 1 c». Now, we

will formulate towards the orthonormal basis of this Hilbert space.

3.3. Orthonormal Basis

We will be providing the orthonormal basis for the Hilbert space H, | c» generated by the
measure dit s 1,c»(z) embedded into the L?—measure. The following lemma directs us in that
direction.

Lemma 3.1. For o > 0, N and M € W, we have
(N, MYy o = /ZNZ_ME_%dA(Z) =210 20 NM (N + M + 1)16n w1,
c

where (-, ) .c is the same inner-product as given in (20) but over C.

Proof. We will initiate the process of proving this by employing the polar coordinate in C.

—_— lzl
(N, Mo c :/ZNZMe_?dA(Z)
C

2n oo
:/ / PN M i IN=M)O o= 5 v dr d)
0 0

=27T6NM/ pNHMHL =5 gy

0

I'(N+M+1+1)
(1/U)N+M+2

(N+M+1)!

(1/0_)N+M+2

=270 VM (N + M + 1) 168

20
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=27T6NM



Also, from the last step, we can immediately learn that the square of the length of monomial
{zN } ~ With respect to the normalized Laplacian measure e~/ in the single-variable complex
plane C is

IMN1% ¢ = 2n0% 0N (2N + D)1
O

As we have now determined the length of monomial above, we can now provide the orthonor-
mal basis of the H j,c» by incorporating the tensor-product notation; this is performed in the
following theorem.

Theorem 3.2. For o > 0and N € W, define {en}yew : C — C by

N S S Y
en(2) = NN+ 23)

Then the tensor-product system (e, ® - - - ® ey, ) Ni...N, >0 I8 the orthonormal basis of Hilbert
space Hy 1 cn.

Proof. We establish our initial stage of result for single-dimension case to ease our understanding.
For this, let us show that {ex } 5w forms an orthonormal system. So, consider z € C and let
M,N € W. Then,

(en,em)o,c

=AGN(Z)6M(Z)de’C(Z)
_ 1 1 N 1 —7,
_2”0_2 ‘/(C \/UzN(2N+ 1)'Z \/O—2M(2M+ 1)!ZMe dA(Z)

1 1 1 NTMm _lzl
_ > dA
2702 \/UZN(2N+1)!\/0-2M(2M+1)!/CZ oe (@)

1 1 1
\/ \/ 2702 VM(N + M + 1D)6n .

272 2NN+ ) 2 M (2M + 1)!

(use [Cemma 31).

1 ifN=M
0 otherwise

The above result concludes that {e, },,vw is actually an orthonormal system with respect to nor-
malized Laplacian measure in complex plane C. Now, we have to establish that this orthonormal
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system is also complete. So, for this, pick f € H 1 c with f(z) = 2,2, a;7' and observe that

(Frenoc =# /C F()en @ diorc

1
zszZ\ﬁ;;;;;::;:/waz ™ dA(2)
27ro'2 mz /z Ne” adA(Z)

Zal 2n0?oc N+ N+ 1)16;n
=0

27r0'2 o2N (2N +1)!
=vo2N(2N +1)lay.

For a given o > 0, since the constant lm # 0 for any N € W, therefore this directly

imply that (f,en)s.c = 0if and only if ay = 0, which results into f = 0. Hence, {en} ycw 1S
complete.

Now, we establish the same result but in n—dimensional case and to this end, we will employ
the tensor product notation[SUBSUBSECTION 3.1.2|by considering multi-index notation for N, M €
W as follows:

(en, ® - ®en, ey, ® - ®epm,)o.cn = H(eNj,er>(r,<c.
j=1

Hence the orthonormality of {ex, ® -~ ® ey, } Ny....N, ey 18 established due to the orthonormal-
ity of each individual (e N;» €M, Yo.c. We still need to ensure that this n—dimensional orthonormal

system is complete. We observe

)/f(Z)eN1 - ®en, (2)dus1,cn (2)

= ay,,..1,, 1 n,
(27r0'2) IZ ! "

where I; ,, = /(C” z (en, ® -~ ®en, (2)) dio 1.0 (2). We further can simplify 1 , as:

(f.en, ® - ®en,)o1,cn —(

I, :.[c Zen, (ZD) A Aen, (Za)duoc(z1) A+ A dug c(zn)

—]_[ (/z en; (zj)dﬂoc(zj))
Jj=1
(‘/czifz_ijdM(r,c(Zj))

(2702 N1+ N; + 1)) 6,

:

~.
Il
—_
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Finally,

.....

1 V' n
(271-0-2) Z ay,...,, e = 1_[ o 2N (2Nj +1)! aN,....N,-
lseosln Jj=1

The further result for completeness in n—dimension follows a routine procedure from single-
dimension case as already discussed before. O

Now, that we have determined the orthonormal basis for the Hilbert space H- 1 c» we will
use it to construct the reproducing kernel for H,- 1 c» which eventually makes it the RKHS.

3.4. Reproducing Kernel

The result of the above theorem provides us the orthonormal basis for the RKHS H 1 cn.
Once we have the information for the orthonormal basis of the RKHS, we can employ the MOORE-
ARONSZAJIN Theorem to construct the reproducing kernel for the associated RKHS. Therefore,
in the light of determining the reproducing kernel for H 1 c», the following theorem provides
the same for H 1 c» by using the MOORE-ARONSZAIN Theorem.

Theorem 3.3. For o > 0, let z = (z1,...,2n) and w = (wy,...,wy) be in C". Then the
reproducing kernel for RKHS H 1 cn is given as

KJ (z) =K7 (z,w) = (24)

where (z,W)cn = ZwT = 2y 2w

Proof. We will be needing the result of[Theorem 1.4]to prove this result. In[Theorem 1.4} we take

I as W as the index set, then we have following:

K7 (z,w) = ) en (2)en (W)

NeWw

1 1 —
=, 72N (2N + 1)!ZN \/aZN(2N+1)va
NeW ' :
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Obviously, the other notable and useful way of representing the reproducing kernel K (z,w) is
by writing the argument in the scalar inner-product format of (z, w)cn = zwT over C". Hence,

sinh ( N —<z’:2> e )

(Z’ W)C"
0—2

Ky (2) =K% (z,w) =

Hence, the result is now established. O

3.5. Weakly converging sequence in RKHS H 1 cn

As now, we have eventually established the reproducing kernel for RKHS H | c» we are now
in position to describe about the weakly converging sequence in RKHS H - 1 c» by the application

of Lemma 1.6l

Theorem 3.4. Let o > 0 and H 1 cn be the RKHS as defined in 22)) with reproducing kernel
i w)on /o2 2 . .

KJ(z) = %]‘or z,w € C" Let {zp} s be the sequence of points in C" such that

llzaz]la = o0 as M — oo, then following holds true:

1

sinh ||ZM||2/0—] o2

lzaz ll2—00 [ llzaellz/ o

KZ, =0.

Proof. Suppose o > 0. Fix a zp; € C" for some M € W. We will use (7)) to determine || K| as
follows:

sinh ( (zm.2m >cn/o-2)

\MZM,ZM )C"/o‘z
sinh ( Ny ||§/az)
NP

_ sinh (llzmll2/ o)

eI/ or

IKT 11> =(KZ KT, ) =KS (zm) =

im’

(25)

. 1/2
Once we have determined the quantity || K[|, whichis [|[ K || = (%) , We can combine

this result with in the light of M — oo and therefore the desired result is achieved;
demonstrated as follows:

From (23)
inh (lzar 12/ ) | "2
. _ Sin M2/ o 2
0= lim |[KZ |I'KZ = ——"| KZ, =0.
llzas =0 llzas =0 llzaell2/ o
Hence, the desired result is achieved. O
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3.6. Point-wise evaluation inequality

Now, that we have figured out the norm of the reproducing kernel K¢ in (25)) for the RKHS
Hy 1,cn, we can provide the point-wise estimate for the holomorphic function f : C* — C
that lives in H | c» in terms of || f|| and ||K{||. This discussion is performed in the immediate
theorem.

Theorem 3.5. Let o > 0. For all z € C" and consider f in the RKHS H 1 ,cn, then following
point-wise evaluation inequality holds:

If @I < KA
where K is the reproducing kernel for the RKHS H | cn.

Proof. Since, it is provided that f € H, | c». This immediately imply that for any z € C", we
have following due to the virtue of reproducing property of the reproducing kernel K :

ORELRTN <8

C-B-S
= [f@I < KL KD < IFIIK L

where C-B-S simply implies for the Cauchy-Bunyakowsky-Schwarz inequality (cf. (18, Chapter
1, Page 3)). O

3.7. Bounds for norm of reproducing kernel

As we have now gathered the structure of the reproducing kernel K for the RKHS H 1 cn,
we shall determine the bounds of the norm of K as well. In doing so, the result derived in
can be used to establish an interesting results in terms of lower and upper bound of ||[K{ || for the
reproducing kernel K of H 1 c». This is demonstrated as follows:

Lemma 3.6. Let o > 0. Forall z € C", the norm of the reproducing kernel K of RKHS H ;1 cn
satisfies the following inequality:

X l@coth@—l < KT <2y ex % (26)
P3| & o (1) I18q @ XP{ e |

Proof. We will employ the Weierstrass factorization theorem (cf. (95, Chapter 5)) for the function
sinh £/ followed by taking the ‘log’ as demonstrated follows:

sinh 7 (,, & sinh{ _ < 2
7 —g(1+j2ﬂ2)=>10g 7 —;log(1+j2ﬂ2).

The respective proofs for both lower and upper bound inequality are given as follows. We begin
with the upper bound inequality:

INEQUALITY (2)
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To establish INEQUALITY (2), we define a function g, : Ry U {0} — R, U {0} by g2 (x) =
x —log(1+x) for x € R, U{0}. Then a simple calculation demonstrates that g, (x) > 0 whenever

2
x € R,U{0} and hence we can easily conclude now that g, (#) > O whenever j > 1. Therefore

2 2
log (1 + 157) < 157 Hence, taking the summation of this over j € Z,, we have

smh{ RN SE ol NS NG

Taking the exponentiation of above yields “n:f{ < exp (%2) and with £ + lzllcn/o, we have
finally:
sinh (@) 2
IKZIP = ———=F <exp (@) @7)
‘ llzll> 602
%)

The above inequality provides the upper bound for the norm of reproducing kernel K for the
RKHS H 1,c». Now, we provide the lower bound for the same as follows:

INEQUALITY (1)

To establish INEQUALITY (1), we define a function g; : Ry U {0} — R, U {0} by g1 (x) =
log(1 + x) — 35 for x € Ry U {0}. Then a simple calculat1on demonstrates that g;(x) > 0

2
whenever x € R, U {0} and hence we can easily conclude now that g; ( f 2) > 0 whenever

j = 1. Therefore, ]z,ngz < log (1 + 127) Hence, taking the summation of this over j € Z,,

we have

J
<ERRE 4 1
== |=|—=coth|Zn| - — (use (95, Page 128, Probelm-6))
214 Pis 2
Ve
4

1
=3 [£cothg —1].

Again, taking the exponentiation of above yields exp (% [£cothZ — 1]) gmzh‘: and with £
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lzll2/ o, we have finally:

ET
1| lzll2 l1zll2 o 2
— | —=coth—= - 1| < ——— = ||[K7||". 28
exXp (2 [ o Cco o ”ZI|2 || z “ ( )
o
Combining and (28) produces the desired result. m]

It is now an easy exercise to observe that by taking the square-root in (26), following can be
achieved,

llzll3
1202

1 [IIZIIz l1zll2

—— coth —= - 1] < |IK || < exp
a o

4. Koopman Operators on RKHS from the Laplacian measure

We have already given the definition of Koopman or composition operators in
between the Hilbert space given by L? (u) in the context of dynamical system under the additional

assumption of sampling-flow assumption. Traditionally, the study of the Koopman operators
over the Hilbert space has been at the center stage of core operator-theoretic analysis, where
mathematicians try to understand the function theoretic properties of the symbol of the Koopman
operator that may impact it and vice-versa (cf. (5516 (145215255 91))).

With Z.2—measure as the usual Gaussian measure as ¢~ 712" (2nd entry in , we get the
very-much-celebrated Bergman-Segal-Fock space 7> (C") (cf. (46;[107)), where the Koopman
operators K, induced by a holomorphic function ¢ : C" — C" have been completely charac-
terised by (12).

Their results are given as follows for K, : 2 (C") — F2 (C"):

Theorem 4.1 (Koopman operators over the Bergman-Segal-Fock space of holomorphic functions
2)). Suppose ¢ : C" — C" be a holomorphic mapping. Then

1. K, is BOUNDED on F2(C™) if and only if (z) = Az + b where A is an n X n matrix with
||All € 1 and b is n X 1 complex vector such that (AL, b) = 0 whenever |AL| = |Z|.

2. K, is COMPACT on F2(C") if and only if ¢(z) = Az+b where ||A|| < 1 and b is any nx 1
complex vector.

We take the motivation from to address the concern of the operator-theoretic
characterisation for the Koopman operators over the newly-developed RKHS H | c» out of the
normalized Laplacian measure.

4.1. Koopman operators over RKHS H 1 ,cn

In this subsection, we recall that if ¢ : C" — C”" is a holomorphic function in which every
coordinate function of it are holomorphic from C" — C, then the Koopman operator induced by ¢
is given as K, which takes the mapping from the domain of itself in H 1 c» to itself. Recall that

sinh ( Jaman /02)
Vewenjo?

We provide the definition of the Koopman operators in the setting of the newly developed RKHS
H 1,cn as follows.

H1,cn is the RKHS whose reproducing kernel function is given as K\J (z) =
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Definition 4.2. Let ¢ : C* — C" be a holomorphic function in which every coordinate function
of it are holomorphic functions from C* — C. Then, the Koopman operator induced by ¢ is
denoted by K, : D (‘]Qp) C Hy1,cn = Hy,1,0n and is the linear operator defined by

Ko(f)=fop
and the domain of K, is D (K,) is given as
D (7(4;) = {f € Ho',l,C" : f op € H(r,l,(C"} .

As we learn that the Koopman operators are closed, then one can employ the closed graph
theorem to result into its boundedness and therefore we have the well-defined adjoint relationship.
In this case, the adjoint of the Koopman operator over the RKHS H - ¢~ is given in the following
lemma.

Lemma 4.3. Let ¢ : C* — C" be the holomorphic mapping with every coordinate function as
holomorphic function from C" — C. Then, the Koopman operator K, : D (Ky) — He 1 cn
induced by ¢ satisfies the following adjoint relation with the reproducing kernel K7 of RKHS
H(T,I,C” N

(KtpKZ‘T = Kg(z)'

Proof. Let f € Hy 1 cn and pick an arbitrary z € C", then
(o KGKT) = (Ko KTy =Ko f(2) = £ (9 () = (f, KT,y
Hence, the desired result is achieved. O

makes us realize that the set of reproducing kernel {Kz” 1z € C”} is invariant
under the adjoint of K, (20, Chapter 1). Additionally the relation defined in the above lemma
provides the unique relationship of K, K;” via the inner product of the RKHS H 1 c» and hence
we can have the Koopman operator K, as to be densely defined over the RKHS H 1 cn (79,
Chapter 13, Page 348) and also the adjoint of the Koopman operator is now close in the RKHS
Hy 1,cn (79, Theorem 13.9).

4.2. Boundedness of Koopman operators over RKHS H ;1 c»
We begin by providing a preparatory result that will be further used in upcoming proves.

Lemma 4.4. Let V¥ : C" — C be holomorphic on a complex domain containing the closed unit
ball. If¥(z) = Zm:o a;z/, then

(271')_"/ / |¥(2)|*dd = Z Iajlzrz-i, ajeC.

1j1=0
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Proof. Recall that (27)~! f U= gy = 0j.k- As W(2) = Xjj|=0 ajzf, this implies that we
have following consequences:

¥(2)]* = ¥(2)¥(2)

— =k
-5 S ajms

[71=0 [k|=0
_ Z Z aja—krj+kei(j—k)9
[71=0 [k|=0
. n .
- Z Z a,akr{“’k1 et (l_[ e’(“kl)el).
1j1=0 |k|=0 I=1
So,
s s
[ [Cwapa
-7t -t
l times
_ Z Z a]akrll*'kl .. ,ln+k / / ( et U= kl)ﬂldﬁl)
1/1=0 |k]=0 I=1
k ki
= Z Z a]akr‘{ﬁ— e .r{l " [(271')”(5]']/(1 o '6jnkn]
[71=0 |k|=0
=" > a2
[71=0
Therefore, multiplying by (27r) " in the last equality furnishes the desired proof. O

Proposition 4.5 (Jensen’s convex inequality). Let (Q, X, i) be a probability space, and g a real-
valued function that is u-integrable. If  is a convex function then,

w(/gdﬂ)S/wogdu-
Q Q

Proof. See (29, Lemma 6.1, Page 33). O

Lemma 4.6. Let E : C" — C" be a holomorphic mapping with 2 = (&1,...,&,) € C", where
each {£},., .., are the coordinate functions of E from C" — C which are holomorphic. As
| (2) |2 be the Euclidean-norm in C" for some z € C", then following inequality is satisfied for

any a > 1,
( / IZ(2) ||§dV(z>) < / 12 (2) [2°av (2).
rB, rB,

where rB,, = {z € C" : ||z|l» < r} for some r > 0.

Proof. In order to prove the mentioned inequality in the above lemma, we will use the Jensen’s

convex inequality [Proposition 4.5] Note that if we have a uni-variate function ¢, : Ry — Ry

defined by ¢, (x) = x® for some @ > 1, then ¢, is a convex function (follow (9)). Now, as we see
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that ||Z (2) ||§ =21 1€i(z) |? is a real-valued function which is integrable with respect to dV(z)
over the set #B,,. Thus, we have

Ve ( / IE@ ||§dv<z>) _ ( / =@ ||§dv<z>) | 29)

by the definition of ¢,. On the other hand,

Voo lE@EVE = [ (12@E) V@ - [ 1@l ave. 6o

rB, rB, rB,
Combining the result of 29), (B0) together with the result of [Proposition 4.5} we achieve the
desired result. O

Before we provide a key proposition for the action of the Koopman operators over the RKHS
H o 1 cn, we shall recall an interesting application of Cauchy’s inequalities or the maximum mod-
ulus principle, which usually is a standard complex analysis fact.

Proposition 4.7. If F is an entire function that satisfy sup|,_g |[F(z)| < ARK + B forallR > 0
and for some integer k > 0 and some constants A, B > 0, then F is a polynomial of degree < k.

Proof. Follow (95, Chapter-3, Exercise-15(a), Page 105-106). ]

We give a key proposition before we give the main theorem related to the boundedness of the
Koopman operators over the RKHS H 1 cn.

Proposition 4.8. Let there be a positive finite M such that for a holomorphic function ¢ : C* —
C", in which every coordinate function of ¢ is holomorphic from C" — C. Let z € C", and
suppose following holds:

sinh (le@ /o) |2 [ sinh (lzla/or) |72
[ le@ /o ][ i/ o ] M.

where oo > 0. If 0 < ||¢||2 < o, then ¢ admits an affine structure on C", that is, ¢(z) = Az+ B
where A € C" with 0 < ||All2 < 1 and B is a complex vector in C".

Proof. The validity of given inequality still holds even if we square it, therefore

sinh (1¢@l2/o) | [sinh (lzlo/e) ]!
[ le@Ib/er ][ lzlh/er ] <M

Now, if we take the logarithm of above, we have following
sinh (ll¢(2)ll2/ o) sinh (llzll2/ o)
le(@)ll2/ o lzll2/ o '

We can now use the results of in the above inequality to result into following obser-
vations:

log < log(M?) +1log

2
z

1 [le@le g (1@ ] < ogoarty o 120
2 o o 602

2

Z
LT (EETH DL -
o o o
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Now, to further simplify the above inequality, we will simply employ the infinite series expansion

of an entire coth(e) which involves the presence of Bernoulli’s number {B j}j oy defined as
— o ZnBZn 2n 1
cothx = Z/ —0 X
The ab fi be explicitly writt th 2By 2By d
e above equation can be explicitly written as x cothx = 37 =2 o =2 x% under

the additional assumption of 0 < |x| < &. Here, for j = 1, we have B, = 1/6, so x = ll¢(@Dl2/o in
above yields:

lle(z)ll2 lle(2)ll2 ||90(z)||2 2°" By, |I90(z)||2
th =1+ 32
o 0 o 3 Z (2n)! (32)
Using the result of (32)) in @ to have following:
2% B 2
1+ ||90(Z)||2 Z 27 By IIsD(z)IIz og(M?) + 14 172 |I |I
3 (2))!
2 2 2
le(2)l3 + 3o )Z o ), ||¢(Z)||2’ <2log(M~) + |1zll5. (33)
Considering ¢ = (¢1(2), ..., ¢a(z))" € C", where each {¢;};_; _, is a coordinate function of
¢ and is a holomorphic mapping from C"* — C, then ||g0(z)||§ =2, li(z)]?. Therefore, with
2=(21,...,2,)" € C" and ||z||2 S 1zil?, we see that

{Z[wi(znz—mlz]} {(30-2@(2), N3 }<2log<M2>.

i=1
Integrating above with respect to ¢ on rB,, to have

{/ Z [le:@P - 2] 55 )n}

By i=

) By 2
+{(3")§W/ eI oo )n}<210g(M ) G4

As here, the infinite summation starts with j > 2 > 1, therefore by the application of
we can have following conclusion

{/B Z [l @F = 1iF] 5 ),,}

noj=

0 22 B J
{(302)ZW(/B ||90(Z)||%d0) } < LHS of (34)

(%)

<2log(M?).

Here we are using {e}, and {e},, to provide smooth understanding of respective manipulations
that are happening on respective quantities present inside the curly brackets. Therefore, the above
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inequality results into

{ / Z lle: @) - |z,|](2ﬂ)n})

By i=

2 N ZJBZj 2 g 2
+{(30' ); T (/B ||<p(z)||2d19) } < 2log(M?).

(%)

The above inequality can be simplified into following (term by term) in terms of r along with the
help of multi-index notation:

n

k(2,.2j1 2j 2
Z |aj| r -...-rn"—Zr(,

j1=0 t=1
1jl ®

J
> 2%IB,; y
2 s 2 211 2 2
+4(30°) E (2])'0’2/(27r)"1 E |a |“r .. rn < 2log(M~).

[71=0 ®
Note that, here we used a super-script of k to indicate this a decomposition of the k-th component
of the function ¢. Further, if we let ¢; be the multi-index with a 1 in the i-th spot and zeros else
where, then the above rearranges to:

T(r)
Do lakPr a4 Z(|ae[|2 - 1)r?
lj1=2
®
J
= 2 sz 2 ;
+1 (30 : ak P < 2log(M?).
( )Z (2))\02 (2m)mi |jZO| | Tn 0g(M?)
) @
This inequality is true for all r = (ry,...,r,)" € R”. We see that both quantities 1(r) and %(r)

grow in the Big-O complexity rate, that is 7(r) o« O(r) & £(r) o« O(r/) as r — oo. Therefore, by
the application of Cauchy’s estimate (or the maximum modulus principle as in
in this inequality, we immediately conclude that |ak| = 0 for j > 2in f(r). Similarly, we
also see that Cauchy’s estimate (or the maximum modulus pr1nc1ple as in[Proposition 4.7) forces
to £(r) be 0 as well. Hence, with the relabelling of the coordinate function of ¢ as ¢ (z) =
ag121+ - +akn2n +by. Thus, ¢(z) = Az+ B where, A = [ak,j]Z:'?zl and B = (by,...,b,)".

Now, that we have observed that both 1(r) and #(r) are 0 and ¢(z) = Az + B, we revisit (33)
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to have

Az + B3 <2log(M?) +|zll3
Az +Bl5  2log(M?)
3 < > + 1
Izl llzll5
Az + B2

m
lzli=e 213

Now, suppose that || AL||2 > ||{|l2 = 1 for some ¢ € C" whose norm is 1. Setting z = #{ and
t > 0 in above yields following:

1
Hﬂg +-B
. t |l
lim ——= < 1,
1= |2
which is a contradiction and therefore, || Al < 1. O

4.2.1. Boundedness of Koopman operators
Definition 4.9. Let o be a positive and finite real number. Let K, be the Koopman operator
induced by holomorphic function ¢ : C" — C" acting over the RKHS H 1 cn whose reproducing
kernel is given as K{ at z € C". We define

I, K II?
My (g;0) = — 22 (35)
) K112
Additionally, we also define the supremum of above over z € C" as follows:
I, K II?
I (¢;0) = sup [z (¢;0) = sup ————— (36)
zeCn zeCn ”Kz ”

Now, that we have defined two important quantities given in and (36) which essentially
help characterizing the behaviour of the Koopman operators over the RKHS H | ¢ in terms of
its reproducing kernel. We can now give an important inequality for the action of the Koopman
operators on the normalized reproducing kernel k7 = K/|| k7| satisfying ||k || = 1 at z € C"
where o > 0. This result is captured in the following lemma.

Lemma 4.10. Let ¢ > 0. Let ¢ : C* — C" be a holomorphic function over C" in which
every coordinate functions of ¢ are holomorphic from C"* — C. Consider the Koopman operator
Ky : D (Ky) = Ho1,cn induced by ¢. If for some z € C", kI € D (K,,), then:

VIL; (:0) < 1K k7|l

Proof. The proof of the above result involves the application of point-evaluation inequality for
the RKHS H 1 c». Further details are given as follows:

1Kk IR 2 1Kk ) (2) 1P = 1k ) (0(2) 1.
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As kg 1= K kgl so [k ) (9(2) | = K (0@ ik g, 1l = 1Ko Pk g il = 1K

From this result and above, we have

KA IPIKT I = IKS ) 1P = 1K |

Therefore, further dividing the above inequality by || K |I> # 0 to have

1K, K11

1Kk I 2 =
- K112

=1II; (¢;0) .

The desired result follows by taking the square-root of above. Hence proved.

ol
¢(z)

]

The following theorem provides the boundedness characterization for the Koopman operators

K, induced by the holomorphic function ¢.

Theorem4.11. Let o > Oand ¢ : C* — C" be a holomorphic function in which every coord

inate

function of ¢ is holomorphic from C" — C. Let K, : D (Ky) — Ho1,cn be the Koopman
operator induced by ¢ over the RKHS H s 1 cn. Then, the Koopman operator K, acts boundedly

over Hy 1 cn if and only ¢ admits the affine structure, that is ¢(z) = Az + B where || A||2
and 11 (p; o) < oo,

<1

Proof. Let o > 0 and ¢ be a holomorphic function on C" as given in the statement. Consider the
¢—induced Koopman operator acting over the RKHS H 1 cn as K, : D (’K¢) — Hg 1 cn.

= Suppose that the ¢-induced Koopman operator is bounded over RKHS H i c», which
means that there exists a finite positive M such that ||‘K¢||2 < M. A general operator
theory argument allow us to have ||7(:;,||2 = ||7(</,||2 (cf. (38)) and hence ||7(:;,||2 <M < oo,

Now, observe that

IFGKT 1P KK I
oo>M>||‘K;||2:sup LA A

eon IIKTN2 KT
. . K K11 .
The above inequality allow us to have ke < M. Thus, employing the result of (our

key proposition) [Proposition 4.8] we have the affine structure of ¢, which is ¢(z) = A
along with || A, < 1.

<= Now, suppose that we have the affine structure of ¢(z) = Az+ B, where A € C"xC"
||All> < 1. Additionally, suppose that for this ¢, IT (¢; o) < oo also holds.

Z+B

with

Recall the normalized reproducing kernel k7 at some z € C" which is given as k7 =
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KZ/Ikg . Then,

19, 17 = sup

zeCn

7(* k0'||2
sup
1k |I=1 kel

Ko 2

Z

“’IIK”II

= sup { sup ——————
zeCn | ||k ||=1
\K‘TII

K72 GRS |1

}

"o ki | RS2 T IKE P
19K |12

" KTIP

=M (¢;0)

<00,

The above chain of inequalities implies that ||K, || is bounded.

Hence, combining the arguments of the above two points delivers the desired result. O

After that we have derived the boundedness characterization of the Koopman operator over
the RKHS H 1 c», we would like to close this subsection by providing an important yet an easy-
exercise corollary.

Corollary4.12. Let o > 0. Let ¢ : C* — C" be a holomorphic function in which each coordinate
function of ¢ is holomorphic from C"* — C. Let K, : D (Ky,) — He 1,0 be the Koopman
operator induced by ¢ over the RKHS H ;1 cn. If the Koopman operator K, acts boundedly over
the RKHS H ;1 cn then ¢(2) = Az+ B with 0 < ||All2 < 1 and

} <C<o

{ l (||5qz +Bl, || Az+ Bl ) l12113
sup 1 exp coth -1
zeCn 2 o o 602

Proof. The proof of this corollary involves the application of both lower and upper bounds of
the reproducing kernel K;” of RKHS H, 1 cn that we derived in[Lemma 3.6/combining together
with the consequence of As the Koopman operator K, : D (K,) — He 1,cn i8
acting boundedly, therefore ¢(z) = Az + B where A € C"™" and ||A||, < 1. Additionally, we
also see that the quantity I (¢; o) is finite where the structure of ¢ is already determined. With
this information in our hand, we proceed as follows:

oo > I1 (¢;0) = sup I, (¢; 0)

zeCn
211 (p;0)
=K K11 - 1K1~
=K 1P - 1K 172 (37)
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Since by the conclusion of we have following:

KOl llzll3 KO- l1zl13 38
1Kl <(2)CXPF = |IK;||”" > exp 602 | (38)

Also, if we revisit|fLemma 3.6] we see that

o

1 [ lle(2)l2 lle(2)ll2
o 2
¢(Z)I| > exp (5 [ - coth p—— 1].

Uzl 1zl
1K1 > ) exp (5 [T%Om_z o

= ||IK

(39)

Therefore, combining (39), (38) and (37), we have

2
I; (g;0) > exp (% [lltp(oz—)Hz coth le(2)llz - 1}) - exp (—%)

o 60

To this end, now we take the supremum over z € C" of above to have

le@lz . le@l _
(o

zeCn 6072 zeCn

1 llzlI3
sup exp | 5 1- < sup g (¢;0) =TI (p;0) .

As for affine ¢(z) = Az+ B, the quantity I1 (¢; o) is already finite due to the Koopman operator
being bounded over the RKHS H 1 ¢, hence the result prevails. O

4.2.2. Some words on the Affine structure of ¢

If A is an invertible n X n complex-valued matrix, then ¢ = Az + B is an injective entire
self-mapping on C". For the remainder of the paper, ¢ will be an affine self-map on C"; that is
to say that ¢(z) = Az + B is an injective self-mapping entire function on C" and A is invertible.
This convention follows that found in (12} [37;1104), and (36)) for the affine structure of ¢.

If ¢ : C* — C" admits an affine structure with an additional condition that 0 # A € C"*"
and also is invertible (that is det (A) # 0), then one can define @ (u) = A~ 'u — A~'B as the
inverse map of ¢. In this case, if we define

W@ (W) =Mgw) (p;0) = ble) =11 (¢;0). (40)
Therefore,

B(p) < (p;0). (41)

Following are the vector field in two dimension for both an affine dynamical system and non-affine
dynamical system.
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Figure 5: Vector field: Affine dynamic (L) & Non-affine dynamic (R).

4.3. Essential norm estimates of Koopman operators over RKHS H | c»

Following is the basic definition for the essential norm of a bounded linear operator acting
between the Banach space.

Definition 4.13. For two Banach spaces X and X, we denote by K (X1, X;) the set of all compact
operators from X1 into X,. The essential norm of a bounded linear operator A : X; — Xy,
denoted as ||Al| is defined as

[Alle =1inf {JIJA-T]| : T € K(X1,X3)}. (42)

Recall that a holomorphic function f : C" — C exhibiting f(z) = >, am2™ for z € C"
where the summation is over all multi-indexes m = (my, -- - , m,) where each {m;} are positive
integer and z = z{"' - - - z;,"*. Follow (106)) for more details on this.

By letting Py (z) = Xjnj=k am2™ for each k > 0 where |m| = X7 | m;, then the Taylor series
of f can be re-written as

F@) =) Piu(a). 43)
k=0

The result in (@3)) is called as the homogeneous polynomial expansion of holomorphic function f
having the degree of k which is uniquely determined by f. Now, for each m € Z,, we define the
operator #,,, on holomorphic function f as follows:

Puf(2)= Y Pe(2).
k=m

If we consider the action of the operator #,, defined above on the reproducing kernel K,J of the
RKHS H 1 c» from @24) in[Theorem 3.3] then we get the following result:

sinh ( \ —<z’:.gcn )
[ {z:W)cn
0—2

.o ~ {zwhen Sz w)cn
PmK, (2) = P =Pm Z (2N +1)! Z 2N +1!"
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Proposition 4.14. Let o > 0 and K be the reproducing kernel at z € C" of the RKHS H 1 cn.

Then,
[P f (2)] < I f]] § L (44)
m] {2 s QN+ 1)

Proof. Let o > 0. We proceed by considering f € H 1 cr and then employing the reproducing
property of the reproducing kernel K at z € C", then Py, f (z) = (P f, K ). Then,

forall f € Hy 1 cn.

Pt (2) P = (Puf KD = K, Pk = (f Pk, (45)
where last two step uses the property of P, being self-adjoint and idempotent. Now,

KFs Pk < WINPT 1P = 1 IPPmKS Py =( PPk K
=(PmK; K])

=Pk (2)
_ i IZIIZN )
QN+
Thus, combining (@3] and (@6)) followed by taking the square-root and hence the result is proved.

]

Following details in regards of Hilbert spaces in the light of RKHS H ; cn, are respectfully
borrowed from (69)) or (70, Chapter VI).

Proposition 4.15. A linear and bounded operator B is compact over the RKHS H, 1 cn if and
only iflimpr e ||Bhar — Bh|| = 0 provided that hpy — h weakly in RKHS H 1 cn.

We use the following criteria for the weakly convergence sequence in the RKHS H ; c» and
as a general approach can be learnt from standard references such as (37)), (56) and (57).

Proposition 4.16. The sequence {hps} s in the RKHS H > 1 cn posses the weakly convergence to
0in Hy1,cn if and only if following conditions are true:

1. bounded in the norm topology of the RKHS H 1 c»

2. uniformly convergent to O over the compact subsets of the RKHS H 1 cn.

can be used to express the following corollary.

Corollary 4.17. Let o > 0 and ¢(z) = Az + B where A % 0 € C™" and || A||, < 1. Consider
a sequence of points {zp}y € C" such that ||zplln — o0 as M — oo. Then, the sequence

of normalized reproducing kernels {kg(zm)}M of Hy1,cn evaluated at {¢ (zp)}py converges
weakly to 0 over the RKHS H 1 cn.
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Lemma 4.18. Let o > 0. Consider ¢ : C" — C" as a holomorphic mapping in which every
coordinate function of ¢ are holomorphic from C" — C. Let K, : D (7@,) — Hg 1 cn be the
Koopman operator induced by ¢ on the RKHS H 1 cn. If the Koopman operator K, is bounded
over the RKHS H ;1 cn then the essential norm of K, denoted by || Ky |less satisfies following

||7<<p||ess < liminf ||(](¢7)M||,
M-

where ¢(z) = Az + B with || A, < 1

Proof. As the Koopman operator K, : D (K,) — H1,cn induced by ¢, is bounded, thus the

result of holds and therefore ¢(z) = Az+ B with ||A||2 < 1. Let € be a compact
operator over the RKHS H 1 c». Then, observe following chain of inequalities for some M € Z,:

1Ky = Cll =Ky (Prr + Pu) — €|
<[ KePumll + | KpPrr — €. 47)
Since Py is finite rank and hence compact. Therefore ||, Pps — €|| = 0 in the light of fact that
¢ is also compact over the RKHS H ic». Therefore, taking the liminf as M — co, we have

A @1

via@ . via@lh ..
||7(<p||ess = l}gln_}gf ”7(41 -C = 1}5}:12? ||7<¢PM||~
Hence proved! O

Now, the following theorem provides the essential norm estimates for the bounded Koopman
operators over the RKHS Hy 1 cn.

Theorem 4.19. Let o > 0. Let ¢ : C* — C" be a holomorphic function in which each coordinate
functions of ¢ are holomorphic from C* — C. If the induced Koopman operator by ¢, K, :
D (K,;) — Heo,icn is bounded, then the essential norm of K, satisfies following estimates
inequality:

71/2
lim VI (¢:0) <q1) 1K les < ([det (A71)])7 tim VT (i)

llzlla—c0 llzllz—e0

where ¢ (z) = Az + B with invertible A, 0 # A € C"" and | Al|» < 1.

Proof. Given that K, acts boundedly over the RKHS H i c», thus ¢ is of the affine structure,
that is ¢(z) = Az + B, where || Al < 1. Now, with this ¢, we begin now the proof for the
INEQUALITY (1) as follows. Let € be a compact operator over the RKHS H | c», then the
following chain of inequalities holds true:

1%, — €| > limsup || (K, — €) k

M—co

|l

>limsup ||| K kS,

(en
Moo plan |l ~ €K,

el (48)

As the sequence of normalized reproducing kernels {kg(zM) }M converges weakly to 0 over the

RKHS H ) cn, therefore II(ikg(zM)ll — 0as M — oo. Thus,
via CEMMA 210

limsup yII;,, (¢;0) < li;/[nsup ”ka;—(zm” <K, - €.

M-

via (@8)
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Therefore, we have now successfully established the lower bound for the essential norm of the
Koopman operator over the RKHS H j c». Now, we will work on the upper bound of the same
and to that end, we fix some positive » and M € Z,. Then, pick an arbitrary f € H, 1 c» and
proceed as follows:

15 Prt f1 = /C 1K, Prt £ (2) Pt o (2).

Note that ¢ admits an affine structure with ¢(z) = Az + B where 0 # A € C"™ ", Therefore, we
can recall (@0) and (1)) to have following conclusion:

1K o P f1I7
! ) ]| n
=W/ 2 (@ ) [Py f ()] exp( ){|dt( '} av
d
ot (=

where Y is the indicator function for the sub-space @ € C". Due to the general theory from the
linearity of integral, we have now two parts of integral which will be treated simultaneously as
follows:

det (A~Y)[]"
1%, Paa I = %l | ot 1 0P, 0 (- v 0
+/ h (@ W) 1Py f (W) Pxcnys, exp (—w) dv (u) . (49)
cr o
Then,
[|det (A~ )|]"
AR % /cnh(w(u)) 1P f (u) |2XrB,,eXP( Ju l|2)dV( )
>\det(ﬂ_1)|—n ™
il I /Cntnh(w @) |Prm f (u) |zexp( Z)dV( )
[|det (A~H)|]"
= % /anh(w(u)) 1P f () |2€Xp( L ||2)dV()
[ e Julz
S = I (¢;0) || £l Iél(ZN—H)' /anexp( )dV()

where in the last step above we used inequality from (41)) and (@4). Now, as we allow M — oo,
the quantity Y, _,, % — 0 and hence

lim 70 = o.
M—o0 TPn
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After that we have optimized the limit over rB,,, we now revisit (49) to optimize the limit for the

second part, that is over the compliment of rB,, as follows:

Lozpe
= w "/C" h(@ W) |Pumf @) [Pxcns, exp (‘@)dv (w)
_ w [ am @) s wPe (—W) av ()
< % /<,B,,>c {”us”ggrh(w (u))} Pacf @) P exp (—@)dv ()
- w {”,f‘ﬁ*}; 2@ (u))} /( L Pus @ e (—@) av (u)

sup f (@ (u))

lullazr

= (Jaet ()])" { } 120 12
< (e ) i

Letting r — oo and combining the result of and result from|{Lemma 4.18| we eventually have
following

{[VE@ @}

sup ff (@ (u)) (50)

lull2>r

sup B (@ (u))

llulla>r

1Ko less </ (|det (A=) 1A1] lim J {

<) v

sup
llull2>r7

Thus, the result prevails.

4.4. Compactness of Koopman operators over RKHS H 1 cn

In the previous subsection, we provided the essential norm estimates for the Koopman op-
erators over the RKHS H 1 c». Now, we will provide the compactness characterization of the
Koopman operator over the same to extract the finite rank representation. Thus, the compactifi-
cation criteria is given as follows:

Theorem 4.20. Let o > 0 and ¢ : C* — C" be a holomorphic mapping from C" — C" where
every coordinate functions of ¢ are holomorphic function from C* — C. Let K, : D (7(47) -
H 1,cn be the Koopman operator induced by ¢ over the RKHS H 1 cn. If K, is bounded over
the RKHS H 1 cn, then the compactification of the Koopman operator over RKHS H s 1 cn is
possible if and only if im7,,—e I1; (@3 07) = 0, where p(z) = Az + B with0 2 A € C"" and
A is also invertible.
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5. Experimental Results for Fluid flow across cylinder

To demonstrate the ability of executing the Kernelized eDMD by the advantage of the com-
pactification of the Koopman operator over the RKHS H,, | c» which is generated by the L?—em-
bedding into the normalized Laplacian measure, fluid flow around cylinder, which is the standard
experiment, is considered. The data is generated from the snapshots of the numerical simulation
of the in-compressible Navier-Stokes equation (10, Page 286):

0 1
Eu(x, v, 1) +u(x,y, t)-Vu(x,y,1) + Vp(x, y,t) — EVzu(x, y,1) =0,

where u(x, y, t) represents the 2D velocity and p(x, y,t) is the (corresponding) pressure field,
along with the incompressibility constraints V-u = 0. The boundary conditions governs a constant
flow given asu = (1,0)T at x = —15 (the entry of the domain), constant pressure of p = 0 at
x = 25 (the end of the domain) and 9v/on = 0, on the boundary of the domain.

5.1. Construction of Koopman Modes via Laplacian and GRBF Kernel Functions

In this subsection, we will provide the dominant Koopman modes (both real and imaginary
values) for fluid flow across cylinder experiment for whose all the experimental details were al-
ready provided in the introduction of this section. Here, will will consider both of the kernel
functions for the construction of the Koopman modes. Before, we give the results, recall the
mathematical structure of the class of exponential power kernels given in (3)); from here, we get
the Laplacian Kernel Function and the Gaussian RBF Kernel.

Note 5.1. In the upcoming sections, the result for the Koopman modes will be recorded which
are dominant for fluid flow across cylinder experiment. The experimental images mentions ex-
plicitly via GRBF Kernel if we performed the experiment by exploiting Gaussian RBF Kernel,
otherwise we employed the Laplacian Kernel Function. We also write LDA to mean Limited Data
Acquisition and FDA to mean Full Data Acquisition in the caption of figures.

5.1.1. Real dominant Koopman modes

To provide the figurative details for the Koopman modes of fluid flow across cylinder exper-
iment, we will consider the various numbers of snapshots that are available as a known part and
remaining gets padded by the Gaussian random matrix of suitable matrix dimension. To this end,
we will consider the situations when only 3, 7, 20, 55 and 151 snapshots were available to con-
struct the desired Koopman modes for the experiment. It should be noted that 151 are the actual
or the total number of snapshots assembled for this experiment. Now, we present the images for
the real part of the dominant Koopman modes when the aforementioned snapshots were provided
while the experiment was conducted.
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Figure 6: Dominant Koopman Modes with only 03—snapshots [LDA]
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Figure 7: Dominant Koopman Modes with only 07—-snapshots [LDA]
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Figure 8: Dominant Koopman Modes with only 20—snapshots [LDA]
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Figure 9: Dominant Koopman Modes when only 55—snapshots [LDA]
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Figure 10: Dominant Koopman Modes with all 151 —snapshots [FDA]

5.1.2. Imaginary dominant Koopman modes
In the continuation, now, we will provide the imaginary part of the corresponding dominant

Koopman modes.
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Figure 11: Dominant Koopman Modes with only 03—snapshots [LDA]
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Figure 12: Dominant Koopman Modes with only 07—snapshots [LDA]
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Figure 13: Dominant Koopman Modes with only 20—snapshots [LDA]
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Figure 14: Dominant Koopman Modes with only 55—snapshots [LDA]



Koopman Mode(s)-46 with 151 snaps via GRBF Kernel
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Figure 15: Dominant Koopman Modes with all 151 —snapshots [FDA]

5.2. Executive conclusion

We presented both real and imaginary part of the dominant Koopman modes for fluid flow
across cylinder experiment when limited number data snapshots were provided in the previous
subsection. Following is a concise summary for the executive conclusion that we draw when
we compare the results of both real and imaginary dominant Koopman modes, that we get via
employing respective both of the kernel functions.

5.2.1. Dominant Koopman modes constructed via Laplacian & GRBF

Of what follows, the dominant Koopman modes generated when we allowed the interac-
tion of the Koopman operators on the Laplacian Kernel Function even when the as low as only
3-snapshots were available, we can successfully observe that in[Figure 6|that in the result, we can
clearly visualize the cylinder as well as the flow of the fluid as well. However, the same setup
but with Gaussian RBF Kernel unfortunately fails to deliver the result which in fact also includes
noise as well. Now, upon increasing the snapshots from 3-snapshots to 7-snapshots, we fail to see
that the Gaussian RBF Kernel recovers the information in the form of Koopman modes. However,
the respective dominant modes via the Laplacian Kernel Function is now achieving more maturity
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as it now can distinguishly highlights detailed eddies of fluid flow across cylinder. We do see the
same result and conclusion when we move from 7- to 20-snapshots of this experiment. However,
in the case when we avail 55-snapshots for the experiment study, we are successfully able to point
out details that are provided by Gaussian RBF Kernel however, in the same situation, as one can
observe that the results via the Laplacian Kernel Function has more depth and nuance in terms
of providing vorticity profile for fluid flow across cylinder. Lastly, when all /5/-snapshots are
given, we see now, that Gaussian RBF Kernel can perfectly construct the Koopman modes. Ad-
ditionally, it should also be noted here that the wiggly nature of fluid passing by cylinder appears
quite at the early stage when we use the Laplacian Kernel Function.

5.2.2. Gram-Matrix for data-set snapshots

After that we have analysed the Koopman modes generated by the [Algorithm 2.18| now we
will provide the matrix structure with suitable color gradient scheme which on-the-spot informs

on how many actual snapshots were provided to execute the aforementioned algorithm.

Gram Matrix with 3 snaps Gram Matrix with 7 snaps Gram Matrix with 20 snaps

0 20 4 60 8 100 120 140 0 20 4 60 8 100 120 140 60 80 100 120 140

Gram Matrix with 55 snaps Gram Matrix with 151 snaps

10

80 100 120 140

Figure 16: Various Gram-Matrix produced while executing Laplacian Kernel based eDMD given in
coupled with Gaussian random matrix.

Comment 5.2. In the above experiment of fluid flow across cylinder, as we know that we have
151—data-set snapshot and since, it is practically impossible to present the result for each of the
situations of limited data acquisition, we present these results into the scenario of considering
3, 7, 20, 55 and 151 as the actual snapshots by padding the remaining of the snapshots by
the Gaussian random matrix. These numbers are actually five equal part divisions¥ of natural
logarithm of total actual number of snapshots i.e. 151 and rounded to next positive integer, for
fluid flow across cylinder experiment. Additionally, it should be noted if extra-conditioning is
needed to remove the noise from these constructed Koopman modes, one can augment the data-set
snapshot matrix with the pseudo-inverse of Gaussian random matrix. Because of the dimensions

61n151/5 = 1.00345597. Thus five parts are: elxl.()()345597 ~2.7272 ~ 3, CZXI'O()345597 ~ 7.44 ~ 7, e3><1.00345597 ~
20.2948 ~ 20, ¢**1:00345597 55 3581 ~ 55, and lastly >*1-00345597 ~ 151.0000 ~ 151.
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of the Gaussian random matrix that will be required to be augment the data-set snapshots matrix,
the probability density function will remain unaltered during the pseudo-inversion process as well
(24), with the same kind of observation in (19) for the Wishart random matrix.

6. Why RKHS generated by the Laplacian measure is novel?

From the previous section where we provide the empirical evidence where Laplacian Ker-
nel easily outperforms the construction of the Koopman modes for fluid flow across cylinder
experiment against the Gaussian RBF Kernel under the scope of limited data acquisition. This
immediately warns us about the choice of using the reproducing kernel along with its RKHS into
our data-science practices. Therefore, in the present section we will discuss the distinguishing
property of the corresponding RKHS H - 1 c» of the normalized Laplacian measure which even-
tually makes it novel and unique. For this, we review first the definition of the closable operator
over general Hilbert space.

6.1. Review of Closable operator in Hilbert space

We recall when we mean an operator 7" in a Hilbert space § to be closable or preclosed as
given in standard functional analysis references such as (79, Chapter 13), (18, Chapter X, Page
304) (64, Chapter 5, Page 193), or (69, Chapter VIII, Page 250). We define that particular notion
systematically as follows:

Definition 6.1 (Graph of an operator). For an (unbounded) operator T in Hilbert space $ with
its domain D(T), we define the graph of T in § as follows:

I(7T) = {(x,Tx) : x € D(T)}. 51)

Definition 6.2 (Extension of an operator in Hilbert space). Let Ty and T be operators over the
Hilbert space $. Let T'(Tw) and T'(T) be the respective graphs of Ta and T as defined in (1). If
I['(T) c I'(Ty), then Ty is said to be an extension of T and we write T C Ty and equivalently if
T C Tg if and only if D(T) € D(Tg) and TaA = TA for all A € D(T).

Definition 6.3 (Closable operator in Hilbert space). An operator is closable if it has a closed
extension.

As now we have given all the essential details regarding the notion of an unbounded operator
to be closable over the Hilbert space, we now provide an easy characterization for the operator to
be closable over the underlying Hilbert space which can be an easy functional analysis exercise.

Lemma 6.4. The operator T in Hilbert space ) is closable if and only if for each sequence
{xn}, € D(T) converging to 0, the only accumulation point of {Tx,},, is 0.

The above lemma (cf. (64, Chapter 5, Page 193)) can be interpreted as follows: for a linear
operator T : D(T) — 9 is closable if and only if for any sequence x, such that x, — 0 when
n — oo and Tx, — yn, then y, = 0. will be used to demonstrate that bounded
Koopman operators K, which will be induced by holomorphic function ¢ : C" — C" is closable
on the RKHS H, 1 c» by constructing such a sequence of function whose behaviour follows
the required condition presented in However, the same cannot performed for the
Gaussian RBF Kernel.
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6.2. Closability of Koopman operator over the RKHS of Laplacian measure

We will now demonstrate how the bounded Koopman operator is closable over the RKHS
H 1,cn with the help of its reproducing kernel function K (-, ). To this end, we shall keep
o > 0 and consider the following operator I_ defined over C" as:

J_z=-1Iyz, (52)

where 1, is the identity matrix over C". The operator define above is an injective linear operator
and hence the null-space is explicitly the zero vector in C". Now, we define the graph of the
operator J_ as follows:

S34(3) = {(2.3.2) €eC"xC": z € C"} £_ 3,. (53)

Therefore, by the definition of the graph of J_, essentially it is a coordinate system presented in
the format of {(z,—z) € C" x C" : z € C"}. It is worth-while to mention that the graph of J_
defined in is a closed subspace of C" x C".

Interestingly, the formulation of the reproducing kernel function K7 (-, -) from 4] over the
set of coordinates present on _ 3, as defined in (33), we have following:

o
o — — —
K7 (-34) = = = :
(z,~2)cn _(z,5)cn llzll5
o? o? T2
sinh (i—”sz)
(on
B -l zll2
l o
sin ( Hsz)
(on

Now for the upcoming investigation, we will focus on the quantity ||z][,K“ (~3+). It is very im-

portant to show that quantity ||z||2K“ (-3+), which eventually is o sin (m) exist in the RKHS

o
Ho 1 c» and therefore its norm is finite. In other words, we need to check whether the function

o sin (@) is L2 —integrable with respect to the normalized Laplacian measure du 1. cn (z), and
to that end, we have

Lo

as the Laplacian measure in du 1 c» is already given in normalized form. Since, we already have
o < oo, therefore, the function defined by ||z|[2K 7 (-3+) exists in the RKHS H i c» and their
norm is bounded by o. After this, we define a sequence of points on the subspace _ 3. n of 3+
as:

2
2 2
dugs,cn(z) <o / dig,1cn = 0° < 0o,
Cn

BN = {(ZN, ~zn) €C" X C": lim [lzwl2 = 0 where z € c"} . (54)
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Apparently, it is easy to see that 3, ny C _3+ because _ 34 n contains those sequence of coor-
dinates points from _ 3, whose magnitude gets negligibly small as N tends to co. Observe that
for coordinate points in _ 3 x, following relation holds:

- (llznll2
lzn 12K (- 3+,n) =0'sm( —

S

= lim flzwlbK” () = lim {asin(”zN”Z)}

|zN||2)}
Jim [l 2K (-3.n) =0 -0

1\}21100 lzn ll2K7 (-3+,n) =0. (55)

Jim Jlzn 2K (-3un) =0 { Jlim sin (

S

Thus, the above manipulation makes us learn that we do have indeed a sequence of functions
in terms of the reproducing kernel K7 (-, -) which approaches to 0 as N tends to infinity. If we
denote this sequence by Sy that is, & = ||zn|[2K7 (- 3+.~), then we have clearly

Jlim Ky = lim flzy[l2K7(-3) = 0. (56)

Let ¢ : C* — C" be a holomorphic function in which every coordinate function of ¢ is
holomorphic from C* — C. Considering the bounded Koopman operator %, induced by this
¢ and hence, we see that ¢ takes the affine structure as ¢(z) = Az + B by where
A € C™" with 0 < ||A|l < 1 and B is a n—dimensional complex vector. Suppose B = 0 in
the aforementioned affine structure of ¢ and hence we have ¢(z) = Az which is a pure linear
structure over C". Let this linear structure is denoted by ¢ #(z) := Az, then the corresponding
Koopman operator K, acting on sequence of function &y yields:

A
Koa 8N =0 sin (@)

. . . Az
= lim K, 8y = lim o-sm(w)
N—>oco N—> a

. . (I AzN 2
A}l_r)nm Keain =0 {A}linw sin (T

lim K, 8y =0 -0

N—oo

Jim %, R =0, (57)

Note that if B # 0 in our preceding assumption then we fail to achieve this convergence. So, in
conclusion, we have determined a sequence of function inside the RKHS H 1 c» which is able
to satisfy the conditions given in[Lemma 6.4)and based upon that, with additional assumptions on
the boundedness of the Koopman operator K, acting over the RKHS H | c», we can prove that
the Koopman operator is closable over the RKHS H - | c». Explicitly, this particular sequence of
function is given in (56) and the action of bounded Koopman operator K, where ¢ #(z) = Az
on this particular sequence of function is given in (37).
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With these deep function theoretic discussion, we are now ready to provide the complete clos-
able characterization for the bounded Koopman operator when the underlying RKHS is generated
by the Laplacian measure. The following theorem serves exactly this purpose.

Theorem 6.5. Let o be positive and finite. Consider ¢ : C" — C" as a holomorphic function in
which every coordinate function of ¢ are holomorphic from C* — C, which induces the bounded
Koopman operator K, : D(Ky,) — Hy 1,cn such that ¢(z) = Az + B over the RKHS H s 1 cn
whose reproducing kernel is K7 (-,-). Then, there exists a sequence of function K inside the
RKHS H, 1 cn as defined in 56) such that &y — 0 as N — oo and the Koopman operator
K, is closable over the RKHS H 1 cn if B = 0, implying that ¢ is purely linear in C", that is
¢(z) = Az. Further, if we let ¢ 7(z) = Az, then Ky, /n — 0as N — oo,

Comment 6.6. In (/6l) and (43), concerns on the choice of the RKHS along with its kernel were
raised in the direction of the fact that a general choice of RKHS fails to exhibit invariance under
the action of the Koopman operator over the underlying RKHS. Therefore, it is advised in these
papers that one should carefully chose the reproducing kernel for which the Koopman operator
is not only densely defined over its corresponding RKHS but also it should be closable as well.
Additionally, as noted by these authors, in general it is not trivial to come-up with some kernel
function which is able to satisfy these operator-theoretic conditions.

However, in the aim of analysing the closable property of the Koopman operators over the
newly constructed RKHS H | cn generated by the normalized Laplacian measure du | cn, we
have successfully demonstrated that how the Koopman operators can be closable on the RKHS
Hy 1.cn and therefore, this makes the Laplacian Kernel as a novel non-trivial desirable kernel
function.

6.3. Failure of closability of Koopman operator with GRBF

Now, that we have successfully demonstrated the closability of the Koopman operators over
the RKHS H, 1 cn, we will analyse now that how the Koopman operator fails to be closable with
respect to the Gaussian Radial Basis Kernel Function whose norm for the function space is given
in (B). The main reason why we fail to achieve the closability of the Koopman operators when it
interacts with Gaussian Radial Basis Function Kernel is because the of the way we have defined
the inner-product for the function space corresponding to the Gaussian Radial Basis Function
Kernel (cf. (96;97)). In particular, the measure present in the norm for the function space in (3))
is unable to make the L —integration finite. This can be easily understood as follows if we chose
to follow to construct the same variant of sequence of functions that we constructed previously.
To that recall the domain defined in (33) and Ké;g' (x, z) as the Gaussian Radial Basis Function
Kernel and then we have following:

llz + z|12 4||zlI3
K& (-34) =exp (—TZ =exp | —— 21
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With the subspace given in (54)), we see that

4113
lzn2KSy (- 3+.v) =llzn [l2 exp (— —

4zl
. 2, . 2
= }]13) llzn ll2Kezp (-3+.3) =]}]1£10 {”ZN”Z exp (—T

=0-1
=0.
Obviously, the above sequence do indeed converges to 0. However, the sequence of function
HzI2Y .. . . . .
[z ||2K3£g(—3+,1v) = |lzn |2 exp (—@) fails to exist in the Hilbert function space defined in

(6). This can be learned easily from the following verification:

2
4|1zlI3 2ng 4zlI3\ osn oz
llzn |2 exp (— 2 :ﬂ—”ZNng‘/c exp —TQ e Zin (FE3) gy (z)

o n

o
n 2n
<

n _=.)\2
lzn 13 / e Xt 55 av (z)
Cn

n
#oo.

Since, the above sequence of function fails to exist in the RKHS H, as given in @, therefore we
fail to construct a sequence by which we can show the closability of the Koopman operators over
the RKHS H,, .

7. Conclusion

In this paper, we explicitly refer ‘du, 1 c»’ as the normalized Laplacian measure defined
over the entire C". The pursuit of having this unprecedented way of study for the normalized
Laplacian measure is duly motivated by taking the gauge transformation of the Laplacian Kernel
Function. As already mentioned, the underlying concern for this study is we consider only lim-
ited number of snapshots or data vector for fluid flow across cylinder experiment to generate the
desired Koopman modes via the method of the Kernelized Extended Dynamic Mode Decomposi-
tion. For the data driven discovery for this particular experiment, both Laplacian Kernel Function
and Gaussian Radial Basis Function Kernel were employed. However, based upon the empirical
evidence presented, we learned that it was only the Laplacian Kernel Function which was able
to discover the desired dominant Koopman modes from the limited availability of snapshots and
this manuscripts serves the purpose of reporting these exciting experimental insights. The other
great deal of insights present in this manuscript is the amalgamation of the random matrix theory
topics to execute the Kernelized Extended Dynamic Mode Decomposition.

Lastly, apart from the routine operator theoretic characterizations of the Koopman operators
or the composition operators along with other of its variants such as the weighted composition
operators, in this paper we consider the closable nuance of the Koopman operators as well. Once,
we have derived the regular and basic operator theoretic properties for the corresponding function
space of the RKHS H | c» such as boundedness, essential norm estimates and compactness, we
further indeed, proved that the Koopman operators are closable over this RKHS. It should be noted
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that Koopman operators have been studied in great details by various authors and mathematicians
in (35H37; 14251435 190; 94} [104) in various settings of function spaces including those which cor-
responds to function space containing entire functions of exponential type (14). In particular,
as observed in (14), Koopman operators fails to be compact in such spaces. However, we fail to
encounter relevant discussion on the closability for the Koopman operators in the previously cited
manuscripts, but this manuscript makes a successful attempts to enlighten us into these directions
over the newly constructed Hilbert space along with an extra edge of reproducing kernel theory.
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